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Abstract In this paper we study a continuum version of the Potts model, where particles are
points in R, d > 2, with a spin which may take S > 3 possible values. Particles with differ-
ent spins repel each other via a Kac pair potential of range ¥ ~!, ¥ > 0. In mean field, for any
inverse temperature 8 there is a value of the chemical potential Ag at which S + 1 distinct
phases coexist. We introduce a restricted ensemble for each mean field pure phase which
is defined so that the empirical particles densities are close to the mean field values. Then,
in the spirit of the Dobrushin-Shlosman theory (Dobrushin and Shlosman in J. Stat. Phys.
46(5-6):983-1014, 1987), we prove that while the Dobrushin high-temperatures uniqueness
condition does not hold, yet a finite size condition is verified for y small enough which im-
plies uniqueness and exponential decay of correlations. In a second paper (De Masi et al. in
Coexistence of ordered and disordered phases in Potts models in the continuum, 2008), we
will use such a result to implement the Pirogov-Sinai scheme proving coexistence of S + 1
extremal DLR measures.
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Fig. 1 Phase diagram of the mean field Potts gas

1 Introduction

In this paper we consider a continuum version of the classical Potts model, namely a system
of point particles in R? where each particle has a spin s € {1,..., S}, S > 1, and particles
with different spins repel each other, this being the only interaction present. When S =2
this is a simple version of the famous Widom-Rowlinson model which has been the first
system where phase transitions in the continuum have been rigorously proved, [13], and for
S > 2 and at very low temperature, a phase coexistence between the S symmetric phases for
continuum Potts models was established in [8].

The mean field version of the continuum Potts model has been recently studied in [9]. The
phase diagram has an interesting structure. In the (8, 1)-plane, B the inverse temperature, A
the chemical potential, there is a critical curve, see Fig. 1, above which (i.e. A “large”), there
is segregation, namely there are S pure phases, each one characterized by having “a most
populated species” (of particles with same spin). Instead, below the critical curve there is
only one phase, the disordered one where the spin densities are all equal. The behavior on
the critical curve depends on S. If S = 2 there is only the disordered phase while if § > 2
there is coexistence, namely there are S + 1 phases, the “ordered phases” where there is a
spin density larger than all the others and the disordered phase as well.

An analogous phenomenon occurs in the mean field lattice Potts model where at a critical
temperature there is a first order phase transition with coexistence of S + 1 phases if S > 2,
but in the continuum there is an extra phenomenon occurring at the transition, namely the
total particles density has a strictly positive jump when going from the disordered to an
ordered phase. This can be seen as an example of interplay between magnetic and elastic
properties and interpreted as a magneto-striction effect, as the appearance of a net mag-
netization is accompanied by an increase of density and thus a decrease of inter-particles
distances.

Our purpose is to prove that the above picture remains valid if mean field is replaced by
a finite range interaction. Let ¢ = (..., 7, 8i,...), i=1,...,n,r, eRY, s, €{1,...,8},a
finite configuration of particles. We suppose that their energy is

1
HA(Q)=§ZVy(i’i,Vj)ls,¢sj —An (1.1)
i#j
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where
v, (@, r’)=/ J(r,2)J, (2, 1) (1.2)
R

J,(r,r') = y2J(0,y (' —r)), y > 0 aKac scaling parameter, J (0, r) a smooth probability
kernel supported by |r| < 1/2. (Observe that H, (¢) is independent of the particles labeling.)

To motivate the above choice recall that the mean field energy density (mean field energy
over volume) is

1
e (p() =5 3 PG = koo, por= ) p(s) (1.3)
s#s’ s

where p(s) is the density of particles with spin s. Then
Hk(q):/ek(pq.r('))s pq.r(s) :le;=sjy(ra I’,') (14)

Thus H, (q) is the integral of the mean field free energy density, where the latter is computed
using the empirical averages p, ,(s). If y is small one may think that (1.1) “simulates mean
field”. Indeed we will prove in [6] that

Theorem 1.1 For any d > 2, S > 2 and B > 0 there is y* > 0 such that for any y < y*
there exist Lg,, and S + 1 mutually distinct, extremal DLR measures at (B, Ag ).

To keep the statement simple we have not reported all the information we have on the
structure of the DLR measures referring to [6] for the full result. In particular we know
that the particles densities are close to their mean field values (for y small). The proof of
Theorem 1.1 follows the Pirogov-Sinai strategy which is based on the introduction of “re-
stricted ensembles” where the original phase space of the system is restricted by constraints
which impose local closeness to one of the putative pure phases, in our case local closeness
of empirical averages to the mean field values in a pure phase. We need a full control of
such “restricted ensembles” and then a general machinery applies giving the desired phase
transition. As a difference with the classical Pirogov-Sinai theory, here the small parameter
is the inverse interaction range y instead of the temperature, as we are “perturbing” mean
field instead of the ground states, see for instance the LMP model, [11], where these ideas
have been applied to prove phase transitions for particles systems in the continuum with Kac
potentials.

In the typical applications of Pirogov-Sinai, restricted ensembles are studied using clus-
ter expansion which yields a complete analyticity (in the Dobrushin-Shlosman sense, [7])
characterization of the system. Namely constraining the system into a restricted ensemble
raises the effective temperature and the state enjoys the characteristics of high temperature
systems. An analogous effect has been found in the Ising model with Kac potentials, [2, 5],
and in the LMP model, in both the high-temperatures Dobrushin uniqueness condition has
been proved to hold. This is a “finite size” condition, and the Dobrushin uniqueness theorem
states that if such a condition is verified, then there is a unique DLR state. The importance of
the result is that the condition involves only the analysis of the system in a finite box: loosely
speaking it is a contraction property which states that compared with the variations of the
boundary conditions, the Gibbs measure has strictly smaller changes, all this being quanti-
fied using the Wasserstein distance. Dobrushin’s high temperatures means that the size of
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the box (where the conditional measures are compared) can be chosen small (a single spin
in the Ising case or a small cube in LMP) so that there is no self interaction (in Ising) or a
negligible interaction between particles in the box (in LMP) and thus the main part of the
energy is due to the interaction with the boundary conditions. The measure and its varia-
tions are then quite explicit and it is possible to check the validity of the above contraction
property.

As explained by Dobrushin and Shlosman, one expects that when lowering the temper-
ature the above high temperature property eventually fails, the point however being that it
could be regained if we look at systems still in a finite box but with a larger size, eventu-
ally divergent as approaching the critical temperature. The problem is that if the finite size
condition involves a large box then self interactions are important and it is difficult to check
whether the condition is verified.

While it is generally believed that the above picture is correct, there are however not
many examples where it has been rigorously established. Unlike Ising with Kac potentials
and LMP, where the high temperature Dobrushin condition is valid in a range of temperature
in restricted ensembles, there is numerical evidence (at least) that Dobrushin condition is
not verified in the continuum Potts model considered here. Nevertheless, we will prove here
that a finite size condition (involving some large boxes where self interaction is important)
is verified in our restricted ensembles and then prove using the disagreement percolation
techniques introduced in [14-16], that our finite size condition implies uniqueness and ex-
ponential decay of correlations and all the properties needed to implement Pirogov-Sinai, a
task accomplished in [6].

The Dobrushin uniqueness condition is related to the BBGKY equation. Calling p;(r)
the density of particles with spin s at r for some DLR measure, then

ps(r) =E(exp{—ﬂ2 v, (r, n)lﬁesl) (1.5)

s'#s

where E is the expectation relative to the given DLR measure. Supposing good mixing
properties of the latter, for y small

pu(r) %exp{—ﬂ 3 / V, () pe () dr/} (1.6)
s'#s

Equation (1.6) with an equality is the critical point equation for the free energy functional
associated to the Potts model, see (4.3) below with # = 1. On the other hand, as shown in [12]
for the corresponding LMP model, contractivity of the analogue of the map defined by (1.6)
with an equality implies the validity of the Dobrushin condition in the restricted ensemble,
see Sect. 11.6 of [12]. While the minimizers of the free energy functional are (locally) stable,
such a property does not imply necessarily that the above map is contractive: indeed this
requires in LMP the extra condition that § is not too large. It is a lucky circumstance (related
to its ferromagnetic nature) that instead in the Ising model with Kac potentials the map is
always contractive. We do not really understand (besides numerical evidence) why Potts
is so malignant to miss the contraction property. A Dobrushin-Shlosman condition shows
up in our analysis of Potts when we try to exploit the local stability of the minimizers of
the free energy functional: for such reasons we have to work in regions much larger than
the interaction range (in such a scale exponential decay is exhibited), yet small enough to
ensure that the transition to continuum a la Lebowitz-Penrose still yields a controllable error.
Fortunately such conflicting demands can be met as we will see in this paper.
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In [1] the Dobrushin-Shlosman condition had to be used but the context is different than
in the present case. In [1] an Ising ferromagnet was studied with a short range interaction
added to a Kac potential. The scale where the condition is satisfied is large with respect to
the short range potential, here instead it is large with respect to the Kac potential.

We do not investigate the model away from the critical curve, some comments can how-
ever be found in [6]. Here we just mention that strictly above the critical curve where only
ordered states exist the analysis may exploit the symmetry of the ordered states, see also
[8]. Strictly below the critical curve the analysis should be simpler because there is only one
state left, the disordered one. The problem is in a neighborhood of the critical curve which
scales with y. A general approach has been proposed in [3] but we have not yet tried to
implement it.

Part 1. Model and Main Results
2 Mean Field

The “multi-canonical” mean field free energy is

1 1
F(p) =52 e+ g ) pillogp =11 p=lpr.opsleRY )
s#s’ s

where p; represents the density of particles with spin s and g the inverse temperature, to
underline dependence on 8 we may add it as a subscript. The “canonical” mean field free
energy is instead

Frx) = inf[ F™(p); Zps = x}, x>0 2.2)

and the mean field free energy C Ef™ (x) is the convex envelope of f™ (x). F. ){"f(p), f)\mf(x)
and CEf™(x), A € R the chemical potential, are defined by adding the term —Ax, where in
the case of F™(p), x =Y, p;.

Observe that for any a > 0,

loga

B

so that if the graph of CE fé“{ (x) has a horizontal segment, then for any 8, CEf, ”,‘&, (x) has
also a horizontal segment when A’ = a\ + 8 'aloga, a = B/, which reduces the analysis
of phase transitions to a single temperature, object of the following considerations.

As shown in [10] (see the proof of Theorem A.1 therein), the variational problem (2.2) is

actually reduced to a two-dimensional problem because:

Fi(p)=a*Fy), (ap), r=a"'¥ 2.3)

Lemma 2.1
Mo = inf{Fm‘(p); YopE)=xip=pr=-= ps} 2.4)

The analysis of (2.4) yields:
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Theorem 2.2 Let S > 2 and B > 0. Then there are 0 < x_ < x such that CEff‘,“f(x) coin-
cides with fg“f(x) in the complement of (x_, x;) and it is a straight line in [x_,x.]. As a
consequence there is Ly such that CEfg" mf (x) has the whole interval [x_, x] as minimizers,

it is strictly convex in the complement and D? f}3 P (x1) > 0.

By using the scaling property (2.3) we then obtain the phase diagram in Fig. 1.
We will next discuss the structure of the minimizers of F, /g‘?ﬁﬁ (p).

Theorem 2.3 Let S > 2, B > 0 and Ag as in Theorem 2.2. Then me (p) has S + 1 mini-
mizers denoted by p®, k=1,...,S+ 1. Fork < S, p,fk) > p® 5 £ k and p® = ;OX({() for
all s, s' not equal to k. Instead pS+) = pl(SH) for all s and

Zp(l) - Zp(5+1> 2.5

Finally for any k the Hessian matrix L® := D*F g‘i 5 (p®) is strictly positive, namely there
is k* > 0 such that for any vector v=1v(s),s € {1,..., S},

(v, LPy) = Z L® (s, s"H(s)v(s) > ¥ (v, v) (2.6)

s,s’

The proof of Theorems 2.2 and 2.3 is given in Appendix C.
The minimizers satisfy the mean field equation

= exp{ { don = } } 2.7)
/#A
The Hessian L® has the explicit form:
82 me

B.Ap
9ps0py

1

L® (s, s") =
( ) o= p(k) B! (k)

1Y:s’ + lsis/ (28)

3 Restricted Ensembles

The purpose of this paper is to study the system in restricted ensembles defined by restrict-
ing the phase space to particles configurations which are “close to a mean field equilibrium
phase”. Unfortunately the requests from the Pirogov-Sinai theory will complicate the pic-
ture, but let us do it gradually and start by defining notions as local equilibrium and “coarse
grained” variables, adapted to the present context.

3.1 Geometrical Notions

We discretize R? by introducing cells of size £ > 0, the mesh parameter £ will be specified
in the next paragraph.
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The Partition D©

e DY, £ >0, denotes the partition {C?, x € £Z¢} of R? into the cubes C¥ = {r ¢ R?:
xi <rp<x;+4€,i=1,...,d} (r; and x; the Cartesian components of r and x), calling
C® the cube which contains r.

e A set A is D-measurable if it is union of cubes in D® and §°,[A] denotes the union

of all D® cubes in A (the complement of A) which are connected to A, two sets being

connected if their closures have non empty intersection. Analogously, 8£[A] is the union
of all D® cubes in A which are connected to A€.

e A function f : R? — R is D®-measurable if its inverse images are D®-measurable sets.

The Basic Scales There are four main lengths in our analysis: £ < {_, <y~ ' < €y .
More precisely let a, «_ and a verify

|
§>>oz+>oz,>>a>0 3.1
(the precise meaning of the inequality will become clear in the course of the proofs), then

. eO . Z—,y . Z+,}/
lim oz lim e lim (a1 (3.2)

with the additional request that £, ,, is an integer multiple of y ~' which is an integer multiple

of £_, which is an integer multiple of £o. The partition D is coarser than D" if each cube
of the former is union of cubes of the latter, we will then also say that D" is finer than D©.
This happens if and only if £ is an integer multiple of ¢/, thus D) is finer than D7)
which is finer than D~ which is finer than D).

We will need that

(0y +a_)d 1
< ,
2(1 —a_) 1000

1
8o, + 9% < 3 (3.3)

Eventually we define, for any D+»)-measurable region A:

NA'

= (3.4)
e,

where |A| is the volume of the region A, thus N is the number of cubes C“+7) inside A.

The Accuracy Parameter { Finally, the parameter a in (3.1) is not related to a length, it
defines an “accuracy parameter”

;=y" (3.5)

whose role will be specified next.
3.2 Local Equilibrium

A particles configuration ¢ is a sequence (...r;,s; ...) such that for any compact set A and
any s € {1,..., S},

n(x,s):=|qg@s)NA|l<oo, q(s)={r,s;€q:s;=s} 3.6)
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We then associate to any such ¢ the empirical densities

ncw
0O r,s) :=|q(s)€%, se{l,....,S) (3.7)
as functions on R? x {1, ..., S} and the “local phase indicators” first for any p € L' (R? x

{1,..., S} (p® below as in Theorem 2.3)

2D (o 1) ko if |- /CED [o(r',s) — pP1| < ¢, foralls e(1,..., S} 3.8
0 otherwise
and then for any particles configuration ¢ as above,
n“g:r) =0 (p""(g; )i 1) (3.9)
With ¢ and £_, asin (3.5) and (3.2), we then define
x® .= {q =g r) =k, forall r € Rd} (3.10)

X® ig the restricted phase space and the configurations in X® are said to be in local equi-
librium in the phase k. Their restrictions to a D“~»)-measurable set A is denoted by X"’
and we will study (in the simplest case) the Gibbs measure with Hamiltonian H, as in (1.4)
on the phase space restricted to X®. As mentioned in the beginning of this section to apply
Pirogov-Sinai we will need to complicate the picture, by adding a “polymer structure” to the
phase space and by modifying the Hamiltonian H,.

3.3 Polymer Configurations

A polymer is a pair I = (sp(I'), nr), sp(I"), the spatial support of I, is a bounded, connected
D) _measurable region and nr, its specification, a D*~7)-measurable function on sp(I")
with values in {0, 1, ..., S + 1}. In the applications of Pirogov-Sinai, I' will be contours and
nr not as general as above, to keep it simple we skip all that sticking to the above definition.
We tacitly fix in the sequel k € {1, ..., S + 1} and the corresponding phase space X*) and
define:

Polymer Weights The weight of I is a function w(I; ¢), ¢ € X®, (dependence on k is not

made explicit in w) which depends on the restriction of ¢ to 83,’11:1 [sp(I")] and which satisfies
the bound
. r
sup [w(T )] <emty My = PO 3.11)
gex® &,

Polymer Configurations and Weights We denote by ' sequences ...I";... of polymers
with the restriction that any two polymers I'; and I';, i # j, are mutually disconnected (i.e.
the closures of their spatial supports do not intersect and they are therefore at least at mutual
distance €. ). The collection of all such sequences is denoted by B and Ba, A a D“+»)-
measurable region, the subset of 3 made by sequences whose elements I" have all sp(I") in
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A; 69\ subset of B, with the further request that sp(I") is not connected to A°. If " € Bis a
finite sequence we define its weight as

w(l;q)=[[w;q) (3.12)

rer
3.4 The Interpolated Hamiltonian

Pirogov-Sinai applications also require to change the Hamiltonian. Let A be a bounded,
D) _measurable region, g, € X ) then the “reference Hamiltonian” in A is

halga) = Z[(Zp;@) - xﬁ] @Y P Dgains) (3.13)
s /s xelyZANA
where Ag is the chemical potential introduced in Theorem 2.2, £ is defined in Sect. 3.1,

p in (3.7).
For any ¢ € [0, 1] we then define the “interpolated Hamiltonian”

Hp ((galgac) =tHa(galgac) + (1 —1)ha(ga) (3.14)

where g, € X[(\k), guc € X,(\kc) and
Ha(qalgac) = H(ga U qac) — H(qac) (3.15)

H as in (1.1) with A such that |A — Ag| < cy'/%. Since Hy 1(qalgac) = Ha(qgalgac) and
Hp o(galgac) = ha(qa), Hp , interpolates between the true and the reference Hamiltonians.

As we will see in [6], Hj (g |gac) enters in the analysis of the finite volume corrections
to the pressure, a key step in the implementation of the Pirogov-Sinai strategy.

3.5 DLR Measures

The finite volume Gibbs measure in A, A a bounded, D“+7)-measurable region, with
boundary condition gx¢, is the following probability on X 1(\]‘) X Bg

_ w(L; g)e PHA@AldA)
dG(qa, Llgac) i= —— - dva(ga) (3.16)
Zx(qn)

where the free measure dv, (g, ) is
=1
o faina =30 3 [ resrs i dn, G
A n=| S1seeesSn

and where the partition function Z, (g,c) is the normalization factor which makes the above
a probability. In (3.16) the boundary conditions only involve particles configurations, to
define the DLR measures we also need to condition on the outside polymers.
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DLR Measures in the Restricted Ensemble Given I’ e B, = (I';, T2, ...), we call [ .
the collection of all pairs (sp(I';) N A€, nep(r;ynac) Where ngpr;ynac denotes the restriction of
nr to sp(I") N A°. We then define the probability dG (g4, T|Gac, T o) on X x B by

_ 1o . )
dG(qa.Dlgne, L pe) 1= AR e~ flnsaniine) 1 T w(Tiq) p dvalga)
Za(Gae, Lac) Fel:sp(MNAZD
(3.18)
A probability ;1 on X® x B is DLR if the two properties below hold.
e it verifies the Peierls bound: for any I'y, ..., I,
(03 TN N0 3 Ty) 5 ety O iy (3.19)

o for any bounded, D“+7)-measurable region A the conditional probability of u given that
the particles configurations in A€ is gac and that T yc = ¢ 1S dGa(qa, L|gac, L jc) as
given by (3.18).

A few remarks on the above definitions: the Gibbs measures dG, (ga, I'|gac) satisfy the
Peierls bound (3.19). Indeed given any I'y, ..., It in B?\ such that sp(I';) is not connected
to sp(I";) for any i # j, then, for any g,,

k
> w(LqA>=[1'[w(Fi,qA>] > [T wTan

TeBy:Ty,...Tel i=1 TeBpTy,...T el Tel £l i=1,...k

k
< []‘[w(ri,qA>} > w(l,qa)

i=1 LeBy

and (3.19) follows from (3.11). On the other hand we have not specified all the properties
of the weights as they arise in the applications (to the continuum Potts model) so that in the
present context wild things may happen. For instance weights still compatible with (3.11)
may be such that whenever sp(I") contains 8([);}” [A], A abounded, simply connected D¢+
measurable set, then w(I", g) = 0 unless sp(I") D A. If the weights had such a property then
there are sequences of finite volume Gibbs measures whose limits are not supported by

I" € B. Thus a support property like (3.19) is necessary in the present context.
3.6 Main Result

We fix k € {1,...,S + 1}, the statements below being valid for any such k and for all y
small enough. We will employ the following notion: (¢, ') agrees with (¢/,I'') in A (A a
D+.r)-measurable set) if all I" € " such that the closure of sp(I") intersects A are also in
I'” and viceversa and moreover

gNA* =g NA", A=A {sp(T) Uses” [sp(D)]) (3.20)
el

Theorem 3.1 For all y small enough there is a uniqgue DLR measure p and there are

constants ¢, and c, such that the following holds. For any bounded, D7) -measurable
regions A and A’ O A and any boundary conditions q). and G} . there is a coupling d Q
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of dGa(qn,L|q)c) and dG nr(qn, LG ,c) such that if A is any DY+r) -measurable subset
of A:

. dist(A,AS)

Q({(q}\,f) and (q4,, ") agree in A}) >1—cle ? Hr (3.21)

3.7 A Finite Size Condition

The proof of Theorem 3.1 follows the Dobrushin-Shlosman approach: we first introduce
and verify a finite size condition and then prove that this implies uniqueness and exponen-
tial decay. In this subsection we describe the former step. Let A be a D“+7)-measurable,
connected region contained in A* where A* is obtained by taking a cube C € D“+7), then
considering A :=C U (Sf;:t‘y [C] and finally A* =AU (Sﬁl;‘" [A]. All the bounds we will write
must be uniform in such a class. Notice that the diameter of A is > £, ,, which for y small
is much larger than the interaction range, in this sense A is “large” and we are away from
the Dobrushin’s high temperatures uniqueness scenario.

Our finite size condition involves only Gibbs measures without polymers: namely the

probability on X ,(\k) defined for any given g, € X 1(\]? as follows

e PHA1(GAlGAC)

dG%(galgac) i= —————
ATIATEA Z%(Gnc)

dva(ga) (3.22)

We want to compare two such measures with different boundary conditions ¢}. and g},
thus introducing the product space X 1(\1‘) X X/(\k) whose elements are denoted by (¢}, ¢ ). The
finite size condition requires that there is a coupling d Q of d G(}\ (qalqyc) and d G(}\ (qalgxe)
with the property that the event we define below has a “large probability”.

Notation Letm =29 42 and cyec = 2¢* with ¢* as in Theorem 5.1 below. Call ¢, := Cong
and define a partition of R into the intervals [0, £7), [s Gi1)s - -+ » (83, £2), [£2, 00).

Definition 3.2 The function K, (-) and the set ®, (-)
We denote by

A= BX(10_10£+,1,) N A, B.(R) the ball of center x and radius R (3.23)

Given ¢/, and g, we define the function K, (q)c, ghc; X), X € L.yZd N A as follows.

If A, =@ then K (Gher Ge; x) =m + 1.

If Ay # ¥ and ghe N Ay # GXc N Ay, then Kp(g)e, ghe; x) =0.

IfA, #@and g\c N A, = qlc NA,, call b:=max,ca, seq1....5) 107 (Ghe; 7, 8) — pP],
then if b € [gny1, $w) for some m > 2, we set Kx(G)c, ghe; X) = m, otherwise we set
KA(‘?;\M qu; x) =0.

The set O 5 (x) = O (Gheie; X), x € £_ ,ZY N A, is defined as the whole space {g},, g/
if K(-; x) = Ka(@)e, ge; x) = 0 and otherwise by

onm ={ai.ai: aanc =g nei,
max_[p“~7(g};x,5) — pP| < ;K(qx)—I] (3.24)
se{l,...,S}

In Sect. 7.4, we will use Theorem 3.3 below with n = 5% — 1 and A C A*. Recalling the
definition of N, in (3.4), we state:
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Theorem 3.3 For any integer n > 0 there exist y, > 0 and €, < 1 such that for all y < y,
and for any A with Ny < n, for any q\. and q,. as above, there is a coupling dQ of
dGS (qalghe) and dGQ(qalGyc) such that with K (-; x) = Kx(@he, Ghc; X) and Op(x) =
OA(GhcGne; x) defined above,

on( N enw)z1-6 (3.25)

xel_yZANA

The proof of Theorem 3.3 is given in Part II of this paper. It consists of three parts, in the
first one we use a step of the renormalization group to describe the marginal of dG over
the variables {p“—")(x,s),x € £_,ZY N A,s € {1, ..., S}}. Their distribution is proved to
be Gibbsian with an effective Hamiltonian at the inverse effective temperature f¢_ . In a
second part we study the ground states of the effective Hamiltonians, proving exponential
decay from the boundary conditions. In a third and final part we bound the Wasserstein
distance between the Gibbs measures by approximating the latter to Gaussian distributions
describing fluctuations around the ground states characterized in the previous step.

3.8 Disagreement Percolation

The finite size condition established in Theorem 3.3 is used to construct the coupling QO
of Theorem 3.1. The proof uses the ideas introduced by van der Berg and Maes in their
disagreement percolation paper, [15]. The proof given in Part III of this paper consists of
two steps. In the first one we introduce set-valued stopping times, called stopping sets, and
prove that monotone sequences of stopping sets define couplings of the Gibbs measures and
that if the sequence stops, then in the last set there is agreement. In the second and last step
we prove that the probability that the sequence stops late is related to a percolation event
which is then shown to have exponentially small probability.

Part 2. The Finite Size Condition

4 Effective Hamiltonians

We will use the following notations.

4.1 General Notation for Part II

e By default in this section A is a connected, D+y) _measurable region contained in A¥,

see Sect. 3.7, and regions in R are all D~r)-measurable. To discretize R? we will use
the lattice £_ ,,Z¢. Thus in the sequel £_ , is the basic mesh. We define

Jy(”(x,y):][ ][ J,(r,r), x,yelz, ¢=t_, .1
0 Jc®

e The basic variables are the densities pp = {pa(x,5) >0, x € L,yZd NA,sell,...,S}},
A C RY, (by default variables denoted by p are non negative densities). Call X (Ak) the set

of all pp such that np := Z‘i.y pa has integer values, so that X (Ak) is the range of values of

the densities pf”y)(qA; x,s) when g € xP xe LJ,Z" NA,sefl,..., S} p(AZ) being

defined in (3.7).
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e To have lighter notation we will use the label i for a pair (x, 5), x € Z,J,Zd, sefl,..., S},
writing x (i) = x, s(i) = s if i = (x, s5) and sometimes shorthand |i — j| for |x (i) — x(j)|
andi € A forx(i) € €_,Z' N A.

e H denotes the Euclidean space of vectors u = (u(i), i € A) with the usual scalar product
(u,v) =), u(i)v(i). By an abuse of notation we also denote by H the Hilbert space with
A above replaced by R?.

4.2 The Effective Hamiltonian

The effective Hamiltonian HS™(pa|Gac), pa € X2, Gac € X%, is defined by the equality

o P H o lane) . / e PHAIANTADy, (dgy) 4.2)
{p(gas)=pa}

Hy, as in (3.14), so that g¢¢ v is the effective inverse temperature. The Gibbs measure

with Hamiltonian Hf\ff(,oAW), inverse temperature S£< , and free measure the counting

Y
measure on X X() is then the marginal over the variables {p) € X X‘)} of the Gibbs measure
dGS (qa|Gac) defined in (3.22).

Since £_,, = y~1*%- and «_ is small, the effective temperature vanishes as y — 0, and
the analysis of the Gibbs measure becomes intimately related to the study of the ground
states of HS™. This will be the argument of the next section, in this one we determine HE™.
In this subsection we describe its main terms and state the main theorem; in the successive
ones we give the proof.

The LP Term The main contribution to the effective Hamiltonian will be the Lebowitz-
Penrose free energy functional, the LP term in the title of the paragraph. This is

1 _ _ 1
Fa(palfac) = t{§<pA, Vo) + (o, Vypno) | - 5T+ =015, pn)

4.3)
where we employ the usual vector notation: if A(i, j) is a matrix, u(i) a vector in H,
() =) ul@w@),  Aul)=Y_ AG, ju(j) (4.4)
i J
calling 1, the vector 1, (i) =1 if i € A and = 0 otherwise. In (4.3)
- ( . ( .
Vo=, 3 B @@ e, 5 (5 x () s 4.5)

ye{iVZd

The normalization is such that Vy is a probability kernel. The term (1,,Z(p4)) in (4.3) is
“the entropy minus the chemical potential energy”:

Z(pa) (@) =T (pa (), I*(b) := —b(logb — 1) + Brgb (4.6)
When ¢ = 1, F, is just the usual LP free energy and for this reason we call F, the LP

term. Notice that if p, (i) = py(‘l.)) 14 (@), then the bulk terms of F which are proportional to
t cancel, this will play an important role in the study of the ground states.
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The One Body Effective Potential This term is due to second order terms in the Stirling
formula when computing the entropy contribution. It has the form:

—d

0
HY (pn) = 7”(1,\, log /2%, pa + t[hg — A]pa) 4.7

The Many-Body Effective Potential ~This term denoted by HI(\Z) (palgac), takes into account
variations of the potential energy inside the elementary cells C ,EL"') € D) which have
been neglected in the LP term. The dependence of Hf\z) on p, is very simple, it is in fact a
polynomial of order < N, N a suitable positive integer. The coefficients of the polynomial
are described next, they have a simpler form once we use Poisson polynomials. We denote
bymy(n)y=nn—1)---(n—k+1),k € N, n € N, the Poisson polynomial of order k and,
by an abuse of notation we write

7 (p) =% mn),  p= (4.8)

d
Z*v)’

We shorthand i = (i, ...,i,), n < N, and call n = n(i); i N A # () meaning that there is

i €1 such that i, € A. Given i we denote by k(i) = (k(iy), ..., k(i,)), with k(i;) positive
integers, calling |k(i)| = ZZ(:’*)I k(iy). We finally call pyc (i) := p*~7)(Gac; i) and denote by
p (i) the function equal to p, (i) and to pac (i) when i € A, respectively i € A¢; ay below is

a positive number < 1. Then H,(\z) has the form:

n(i)
HP(palga) =Y, D b )"0, k@), gac ) [ [, (0G)  (4.9)

INA#D k(i):2< k()| <N h=1

® are coefficients which may depend on g,c but only if i N A¢ # @, in such a case they

only depend on gac; = Uiei:x(i)eA"‘ {gac N C)(f(i_)y)}. The main features of the coefficients ®

(whose dependence on ¢ is not made explicit) is that:
(i, k(D), gac) =0 if diam(x (i), ..., x(in)) = 2Ny~ (4.10)

and

> > ®G.k(@).Gacs) <c, foranyig (4.11)

isip k):2=lk(DI<N

where ¢ > 0 is a constant independent of gxc and 7.

Theorem 4.1 For any ay < 1 there are ¢, N and coefficients ® as above such that for all y
small enough

H (palGac) = Fa(palpac) + HY (pa) + HY (paldac) + Ra(oalgac) (4.12)
with the remainder Rp(pa|Gac) = RV + RP
IRD|<ey™, i=1,2 (4.13)

witht =3 — S — 2a+)g > 0 (see (4.18) and (4.30)).
Recall that in this section A is a subset of A* thus |A| < c(i, ,» € aconstant, if we wanted
larger volumes we would have to increase N, namely to include more body-potentials and
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longer interaction range, the expansion in Theorem 4.1 being highly non uniform in A.
The proof, which follows closely the one given in [11] for a similar result, is given in the
remaining subsections.

4.3 Derivation of the LP Term

We fix arbitrarily ps € XX‘), call ny(i) = K‘i,y pa (i), introduce a set of labels £ whose
elements are denoted by & = (7, £), where i = (x,5) € A, £ € {l,...,n,(§)}; the coordinate
functions on £ are x(£), s(£) and €(£) respectively equal to the first, second and third
entry in &. We then define for £ € A (meaning x(§) € A) the probability measures on A x

{1,...,SYasdpe(r,s) =1 Ec(e,ﬁy)ls e;‘{—’ and call dp, = l_[gez dpg, remembering that this
eT6) -y

measure as well as the index set £ depend on the initial choice of p,, as this is momentarily
fixed we are not making it explicit. We obviously have:

y " Edn/\(i)
e P HR (0AlD) (1—[ —v ) /e—ﬂHA,,(qAIqu)dpA (4.14)

M
ieA ONOE

where g, on the r.h.s. should be thought of as a &£-labeled configuration of particles (the
label specifying also the cube where the particle is) which is identified to the integration
variable relative to the measure dp,: thus the dependence on p, is hidden in the structure
of the probability dp, . The bracket on the r.h.s. is equal to

Z‘i"A(i) .
l_[ sV‘ — eli,y(lA,S(ﬂA)), S(,OA)(I) — Z:dy (l’l logﬁ‘i = logn’),
ien 10! . ’
n=nx@) =22, pa0) (4.15)

Then, recalling the Stirling formula:

1
o n+1/2 _—n
n'=n e v2n<1+0<—ﬁ>> (4.16)

we can estimate (1,5, S(0,)) as follows
(1a.S(pa)) = (14, 5P (pp)) — BH"O — BR™ (4.17)

where S®P(p) = —p(logp — 1) and H"? is equal to the r.h.s. of (4.7) with t =0.

Proof of (4.13) for R® We now show that R defined in (4.17) above satisfies the
bound (4.13):

¢, [S™(or) (i) — S(p) ()] = —na(0) (logna () — 1) + logra (i)!
L 1
= EIOgnA(l) +10g\/ﬂ+0 <W> s

(10, 5™ (p0) = (1, S(on)) = BHY + 370 (e42)

ieA
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where we used the fact that n, (i) > c€? o since pp € X X(). From this, we get

IBRV| <#{ie A} €%

e\ -
< SNa <K*—V) I (4.18)
-y
O

B Call H, (qalgac) the energy Ha (galgac) defined with J, replaced by J)fé"y), then
H, (qal|dac) depends only on the densities p“—7)(ga; i) and p®—7)(§ac; i) which in (4.14)
are fixed equal to p, (i) and pac (i), hence

_ 1 _ _
Hp(galgac) = Ei,y{f(i(/)m Vyoa) + (oas Vypac) — A1, PA))

+ (1 =0(1alp® = 251 pa) (4.19)
Collecting all the above terms we thus identify in (4.14)

e*ﬂ@i,V{Hf\z)(ﬂA|§A<‘)+R(2>}=/e*ﬂ{HA.:(qA\é/\t')*’:IA(qAIéAC)}dpA (4.20)

4.4 Cluster Expansion

To estimate the r.h.s. of (4.20) we use cluster expansion. Call £ a set of unordered pairs
(§,8), & #£ &', then £ defines a graph structure (£, &) with vertices § € £ and edges
(&,&") € £. We call diagrams the connected sets 0 in (£, &), 8 = (0, ..., 6,) their collec-
tion. Call ® and Oy the spaces of all possible diagrams and of all possible 6 which appear
when varying €. Let

w(h) = /( 1_[ {e*ﬁl(Vy(X(é),x(f/))*fjiyVV(X(S),X(E/)H _ 1})dPA 4.21)
(£.8")€0,5(&)#s(E")
then, since dp, is a product measure,
/ e PlHA (@A 1Gac)—HA (IJAlf?Aff))dpA — Z l_[ w(®) 4.22)
0€B®gc 00
Equation (4.22) is derived from (4.20) by writing

e Pl anlano-Ananinl — T (e Py Cere) =€ Vy @@ _p 4 1y
€8s @A E)

where the labels & include both the particles in A and those of g, outside A. After expand-
ing the product we then get (4.22), details are omitted.

The basic condition for cluster expansion which we have in the present context, involves
the elementary diagrams namely 0 = (&, £’) and states that given any a > 0

Z lw((€,&))ly~** <1, forany y small enough (4.23)
%-/
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Equation (4.23) is proved by observing that the densities p, (i) are bounded and that (4.21)
yields for 6 = (&, &)

lw(E &)l <cyiye_ )1 (4.24)

€ )

. L—y)
dist(C, ;7 )

x(§) €

)<y~!

“Cluster expansion” then applies for any y small enough and the following holds (for any
(k)
on € XQ').

Notation We give ® a graph structure by calling vertices the diagrams 6 € ® and edges
the pairs 6 and 6’ which have non empty intersection, as sets in L.

Denote by m(6), 6 € ®, positive, integer valued functions, calling m(9) “the multiplic-
ity” of 6. We restrict to m € M where

meM ifandonlyif sp(m):={£:&€60,m(0) >0} is a connected set 4.25)

and shorthand & € m when & € sp(m).
Cluster expansion tells us that given any ao < 1 for all y small enough there are coeffi-
cients w(m), m € M, such that

log Z(w()}) :=10g{ > ]_[w(e)} => wim) (4.26)

0e®yyc Ol memM

and, for any &€ € £,

> |w<m>|{ I1 (yz_,w"o‘“‘edg'"(“'}<1 4.27)

meM:ms§& 0:m(0)>0

where |0]cq. is the number of edges in 6. The coefficients w (m) have the following explicit
expression:

w(m) =Cy w(b) (4.28)
0:m(0)>0

where thinking of Z({w(-)}) in (4.26) as a function of the weights {w(0), 6 € B},

co= ] ﬁ{ I

0:m(0)>0 0:m(0)>0

am(@)

43w(9)"’(9) } log Zx(w(-)) ot (4.29)

(C,, being bounded coefficients independent of A). As said, all the above follows from the
general theory (of cluster expansion) using the condition (4.23), see for instance [17].

4.5 Identification of the Many Body Potential

We will next use (4.27) to truncate the sum in (4.26) identifying the remainder with the term
R@ and recognizing in the finite sum the Hamiltonian H[(\z) (oA |Gac), for this we will use
the explicit representation of the terms of the expansion provided by (4.28)—(4.29).

Calling |m| =) y.q |0]cagm (0), by (4.27), for any N > 0,

Yo lemi<) > | (m)|

meM:|lm|>N EelL meM:m3E,|m|=N
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<ILiye- )" Y |w(m>|{ [1 (ye_,yr"o‘e‘edgm(“'}

meM:ms& 0:m(0)>0
N
< LIy L-,)®

Since A C A*, there is ¢ > 0 such that [£]| < cﬁiy and we can then choose N so large that

—BIR? = > wm), > wm)| <= (4.30)
meM:|m|>N meM:|m|>N
thus (4.13) is satisfied and
—BEL L H? (palgac) = Y w(m) (4.31)
meM:|m|<N

The dependence on p, is hidden in the space ®, on which the functions m are defined.
Theorem 4.1 will be proved once we show that the r.h.s. of (4.31) can be written as the r.h.s.
of (4.9).

We rewrite the r.h.s. of (4.31) by first summing over all m in “the same equivalence class”
and then summing over all equivalence classes. Before defining the equivalence m ~ m’
we observe that if ¥ is a one to one map of £ onto itself, then i extends naturally to a
map of ® onto itself by letting ¥ (8) be the diagram with vertices ¥ (§), & € 6, and edges
(W (&), ¥ (&), (&, &) the edges of 6. We then call m ~ m’ if there is a one to one map ¢
from £ onto £ such that

o x(¢(5)) =x(§), s(¢(§)) =s(§) forall §;
o m'(¢(0)) =m(0) forall 6 € O.

Calling [m] the equivalence class of m, i.e. the set of all m’ : m’ ~ m, we define the average
weight

" (m) = —— > w(m) (4.32)
m'€[m)

Notice that if sp(m) consists only of & such that x(§) € A then w(m) = w(m') = w*(m) for
all m’ € [m]. If instead there are labels & in sp(m) such that x(§) € A then w*(m) is a non
trivial average. Actually the averages involve the labels ¢ in each triple (x, s, £), x € A€,
with m(x, s, £) > 0. Calling K (i; m) the number of & € m such thati(§) =1,

card([m]) = [ [k im (1)) (4.33)

where 7y (n) is the Poisson polynomial and n(i) = p (i )Z‘i,y.
We then have

—BLLHP (prlgac) = ) w*(m){]"[m;m)(na))} (4.34)

[m],|m|<N
We next interchange the sums: for any sequence K (i) € N, Z K@) <N, let
W(K ()=t > o (m) | Je25" (4.35)
[m],m:K (-;m)=K (-) i
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then

—BH® (pplGac) =Y w(K(-)){l"[e:,"f (")m-)(n(i))} (4.36)

K()
thus identifying & in Theorem 4.1 in terms of W:
W(K () =yt ) O D, K (Q), Gac,) (4.37)

recalling the remark before (4.33), indeed the 1.h.s. depends on gac only via gxc ;.
Of course we still need to prove that the function ® defined via (4.37) satisfies the bounds
stated in (4.10)—(4.11). Since the coefficients C,, in (4.28), are bounded, say

max |C,| <cy (4.38)

m:|m|<N

we just need to bound |w(#)|. The definition of w(6) involves product of terms w((&, £'))
for each edge of the diagram which we bound using (4.24). The bound obtained in this way
is the same for all m" € [m] so that the bound for w*(m) is the same as for w(m). To fix
up the combinatorics, we proceed as follows. For any m we define a graph structure G (m)
on sp(m) introducing a node for each element & of sp(m) which is then given the label
i = (x(&), s()), thus different nodes may have the same label. Edges in G (i) are the union
of all the edges present in all the diagrams 6 such that m(6) > 0. Each edge is then given a
multiplicity equal to the sum of all m(0) over the diagrams 6 which contain the given edge.
With this definition any m’ € [m] gives rise to the same G (m) as we are only recording the
coordinates x(£) and s(£) of £.

To proceed with the bound we assign a “weight” ¢4 ., to any node in G(m). Having

(4.24)in mind, we assign to each edge a weight (cyd(ye__y)l Cp) (o)) )?, where

dist(C " Co o) D=
p the multiplicity of the edge. We have thus assigned a weight W (G (m)) to G(m) equal
to the product of the weights of its nodes and of its edges and, with reference to (4.35) and
recalling (4.38)

WK <ent™, Y W(Gm) (4.39)

[m],m:K (:m)=K ()

Recalling that K (i; m) is the number of £ € m such that i (§) =i, K (i; m) is also the number
of nodes in G (m) with label i. Thus, calling K (i, G) the number of nodes in G with label i,
i={i,ieG},and K(i,G) ={K(i,G),i €i},

(K@) <ent™, > W(G) (4.40)
G:K(i;G)=K ()
Equation (4.37) then yields
PG K (D). Gac)] < el (ye_,) KO 3 Ww(G) @.41)
G:K(i;G)=K (i)

By (4.35) the terms to consider have i such that ) ,_; K(i) < N. Then ® (i, K (i), gac;) =0
if diam(x) > 2y "' N, x being the sites appearing in i, because the weight of the edges in G

are proportionalto 1 «_ )
dlst(Cx(E)

i€l

()

’CX(E’)

)<y~
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To prove (4.11) we fix iy and restrict the sum in (4.41) to G : K (ip; G) > 0. For each
such G we can then define a tree structure 7;,(m) in G(m) with root iy, a first generation
made by all nodes connected to the root, second generation made by the nodes connected to
those of the first generation and so forth. To recover the original graph we may also have to
add edges connecting individuals of the same generation and also attribute to each edge its
multiplicity, as explained earlier. We then have

Lhs.of 411) < > Y 7% (ye_ ) 0KO! 3 W(T,) (442

isip K@:KOI<N T :K (@ Ti)=K (D)
Define a new weight W*(T') by changing the weights of the edges into
(c(yﬁ_’y)l_“oydl‘x_x/‘gzyq)p, p the multiplicity of the edge
while the weights of the node are unchanged. Then

Lhsof 4.11) < ¢4 3" Y. WAT) (4.43)

i5ig KWK DI <N Tig:K (5T =K ()

The weight of the root of the tree cancels with the prefactor Z:fly. We upper bound the sum
on the r.h.s. if we regard a multiple edge with multiplicity k as k distinct edges originating
from a same node and also regard edges between nodes in the same generation as edges
into the next generation (thus dropping the constraint that the arrival node is the same as the
arrival node of another edge), each node added in this way getting an extra weight £¢ p-In
this way we have an independent branching and since

. . .d d
;IE}) Z/(VL,V) Y Ay -1£2 =0

we then get (4.11), details are omitted. Theorem 4.1 is proved. O

5 Ground States of the Effective Hamiltonian

In this section we study the ground states of the main term in the effective Hamiltonian
HET(pa|Gac), which, with reference to (4.12), is

F(oasgae) = H,e\ff(pAWAv) — Ra(palgac) (5.1

While originally py = (pa(i),i = (x,s),x € K_J,Zd NA,sef{l,...,S}) e XX‘) defined in
Sect. 4.1, it is convenient here to extend the range of values of p, (i) to an interval of the
real line. We thus call

y® = [pA Coa(e,s)elp® — ¢, p® + e Vx et Z N A Vs e{l, ..., S}]

The ground states in the title are then the minimizers of f(pa; gac) as a function on YX‘)
with gac regarded as a parameter.

Let K5 (x) = K (g, G); x) be the function defined as K 4 (x) in Definition 3.2 but with
the set A, in (3.23) replaced with the set

A, =B, (1070, )N AC (5.2)
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Our main result is the following theorem:

Theorem 5.1 There are c* and @ positive such that for any ay < 1 and for all y
small enough the following holds. For any gac € X, Xi) there is a unique minimizer py of
{f(oa; Gac), pa € YI(\k)}. Let K(x) x € 0_,Z¢ N A, be as above and p), and p the mini-
mizers with g, and q)y., then for any s € {1, ..., S}:

() If K (x) >0, |9 (x,8) — p (x,5)| < ce™ 1070t
(i) If K(x) =m > 0, |py(x,8) — p®| < *(Gn + (Pl ) + 710 T0®) it same
bound for p (x,s).

Existence of a minimizer follows from f being a smooth function on a compact set of the
Euclidean space. Uniqueness and exponential decay are more difficult and the proof will take
the whole section. The basic ingredient is that D? f (the Hessian matrix of the derivatives
w.r.t. the variables p, (i)) computed on the minimizer in the constraint space Y 1(\]() is positive
and “quasi diagonal”, which would then give the required uniqueness and exponential decay
if we had Df = 0. This is however not necessarily the case because the minimum could be
reached on the boundaries of the domain of definition, which, on the other hand, is necessary
to ensure convexity. We will solve the problem by relaxing the constraint and then studying
the limit when the cutoff is reconstructed.

5.1 Extra Notation and Definitions

The basic notation are those established in Sect. 4.1, here we add a few new ones specific to
this section:

o We will write f(pa; gac) = F(pa; pac) + g(pa; gac) where, recalling (4.12),
8(pas Gac) = Hy (pa) + Hy (palGac) (53)

o To highlight some of the variables in p,, say those in A C A, we write pp = (0a, Pa\a),
where pa and pa\a are the restrictions of p, to A and respectively to A \ A.
o It will be convenient to relax the constraint p, € Y 1(\1‘) by enlarging Y/(\k) to WI(\k)

wh = {pA cpa(x,8) €[p® —b, p® +b],Vx e l_,Z'NA, Vs €1, ...,S}} (5.4)

(1) _ (ko)
w has been chosen such that

where b := minkl #ky
k +
W(A) {p(l),...,p(s 1)}_— {p(k)}

We then introduce a cutoff parameter € € (0, 1) (which will eventually vanish), call

(@) =al,g, (@) =al, and define for any € > 0, the function f, on WI(\k) as

—1
felon:@r) = Foazdne) + - 3 (1o = 10 + D4

4 4
ieA

+{(oa @ = [25) D)) (5.5)
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e Since f [fc] is a continuous function of p, which varies on a compact set, it has a
minimizer denoted by o, [0a.c], and we will later see that this minimizer is unique. We
call f its extension to the whole £_ , Z¢ x {1, ..., S}, by setting p = pac on A°. Here pye
is the density associated to gc via (3.7) with £ = £_ ,,, thus / of course depends on gc.

o For any D“~»)-measurable set B we write for any differentiable and D~»)-measurable
function v (p)

oy
D :{—, et deB} 5.6
BY () x (i) v (5.6)
5.2 A-Priori Estimates
In this subsection we prove some a-priori bounds on g ((i). When € > 0 we loose the

bound |p (i) — p_f’(?)| < ¢ valid at € = 0 but, as we will see, we have the great simplification
that for € small enough, minimizers are critical points; they thus satisfy D, f. = 0, and

A . k
ne(@) — Pl < 2¢.

Lemma 5.2 There is a constant ¢ > 0 such that for all € > 0 and for any minimizer py . €
W of f. the following holds: for all x € ¢ ,Z* N A and all s € {1, ..., S},

e d/4
|haclx,9)—pP| <¢ +c(£—”> e (5.7)
-V

In particular, if { < b/2 then for all € > 0 small enough, any minimizer py . € W/(\k) of feis
also a critical point.

Proof We denote by

Y(oa) =Y {(pal) — [ogg) + ¢D+} + ((oa (@) — [0 — ¢D-}*

ieA
Then for all p, € W(k),
[ I . A 1
TV (0re) = f(pa54ac) = f(Daes qac) + =¥ (oa)
4e de
. . k
and since v vanishes on Y’ ,(\ )

o . - .o
v Y(pae) < inf  f(pa;gac) — f(Pn.e; Gac)
€ (k)

PA EYA

and, calling ¢’ = minpAGYI(\k) F(oas qac), " = minpAEW[(\k) F(oas gac)

1 . ,
4—W(PA,5) <¢'—¢"
€
and in conclusion

1/4
e ) = p| = (4@’ = 9) " +¢ (5:8)

and (5.7) follows because ¢’ and ¢” are bounded proportionally to the cardinality of {x : x €
0,74 N A}
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By choosing € so small that ¢ 4 cy =@+ *=)4/4cl/4 < 2¢ < b, we conclude that f . is in

the interior of W,(\k) and is thus a critical point. d
Lemma 5.3 p, . converges by subsequences and any limit point p is a minimizer of f .

Proof Convergence by subsequences follows from compactness and by (5.7) any limit point

pa isin Y \". Now for any ps € Y®, we get f(pa) = fe(pn) = fe(Pa.c) = f(Pa.c) and by
taking € — 0 along a convergent subsequence f(0) > f(0a). O

A minimizer g, of f is not necessarily a critical point, i.e. D, f = 0, the equality may
fail if the minimizer is on the boundary of the constraint. In such a case however, the gradient
if different from zero “must be directed along the normal pointing toward the interior”.

Lemma 5.4 Any minimizer ppn of {f (0, qac), Pa € Y,(\k)} is “a critical point” in the fol-
lowing sense:

o [ffor somei € A, |pp(i) — ,os(](?)l < ¢ (strictly!), then

8 A et J—
mf(ﬂm%v)—o (5.9)

o Ifinstead pp(i) = p;](?) +¢, then

— f(Pa,qgac) <0, respectively >0 (5.10)
dpa (i)

5.3 Convexity and Uniqueness
Convexity is a key ingredient in our analysis:
Theorem 5.5 Given any k € (0,«*) (k* as in (2.6)), for all y small enough the following

holds. Let py € WZ(\k) be such that |pp (i) — py(?)l <4¢, then the matrix A = Df\fé (oA, gac)
is strictly positive, as an operator on 'H, namely (recall the definitions in Sect. 4.1)

(M,AM)ZK(M,M), forallu e H (5.11)

Same inequality holds when € = 0.

Proof Recalling (5.3) and denoting by ,o;l below the diagonal matrix with entries p, (i)~
- 1 _
(u, Aw) = 1, Vyu) + 5 (. px'u) + (u, [D} glu) + (u, [D3 (fe — )

and get a lower bound by dropping the last term thus reducing the proof to the case € = 0.
Extend u and A as equal to 0 outside A and set

{_
U(x,s):ﬁ,y Z J§ ‘V)(x,y)u(y,S), xel 7!

yel_ 74
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where J(© is defined in (4.1). Then,

A=ty > U.n)U(x,s)+ L, px'u) + (u, [D? glu)

s#s' xel_ 74 p
’ 1 * 2
={t2 Z Ux,s)U(x,s") + Z [W—K}U(x,s)}
s#s' xel_ 74 xel_, 74,5

1 1
- > [m—K*]U<x,s>2+E(u,pglu)ﬂu,wig]u)

xel_TyZ‘l,s

recalling (2.8), by (2.6) the curly bracket is non negative as well as ﬁ —Kk*.

Since for each s

Z U(x,s)2§ Z u(x,s)2

xet_ 74 xel_, 74
then
oo = (o[- ]r)
Z —— k" UG, 5) < u,| —— —«*|u
*) (k)
vetzd - PPs Bp
Thus
1
(u, Au) > (M, |:IC)k + ,3? — ,B,O(k)i|u> + (uv [Dig]u)

Recalling (A.2), (A.3) and using (4.9)—(4.11) we get

82g
ID3gll < sup ‘—‘ <(yl_y)®
A i ; 0pa()0pa(j) y

Thus
(u,[Diglu) < [yl—, TP u, u)

Equation (5.11) is then proved recalling the assumption |p, (i) — plfl(?)| <4¢. O

Theorem 5.6 Given any k € (0, k™) (k* as in (2.6)), for all y small enough the following
holds. Let py . be a minimizer of f. and for € =0 of f, then for both € > 0 small enough
ande =0

_ ~ - K ~ ~
fe(Pardne) = fe(Pae-Gne) + = (Pa — Paes PA — Pace) (5.12)
2

forall p such that |pp (i) — ps(fi))l <2¢ foralli € A.(5.12) remains valid if o, ¢ is a critical
point, D f. =0, and |pr.. — p®| < 2¢ as well as when € =0 and py o a “critical point”
of f in the sense of Lemma 5.4.

Proof We interpolate by setting pa (0) =0pp+(1—0)pa ¢, 0 € [0, 1], then calling ¥ (0) :=
Je(pa(0), gac) we have
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1
Ye(l) = e(0) = /0 (Dave(8), pa — hae)

1 6
— /(; /0 (D%WS(Q/){/)A - )6A,s}v PA — )6A,e) + (D/\'gbf(())7 on — /OAA,e)

By (5.7) for € > 0 small enough and for € = 0 as well, |p5 (0) — p®| < 4¢ so that by
(5.11)

1 o , ) R . c . .
/(; /0 (DAY {pa — Pace} Pa — Pace) = 5 (oA = Paces PA — Pace)
Moreover (Dpv(0), pa — pa.c) > 0. In fact, if € > 0 and p, , is a minimizer of f, by
Lemma 5.2 (for € > 0 small enough) p, . is also a critical point and Dy (0) =0.If e =0
and p, a minimizer of f then by Lemma 5.4, (D %0(0), pa — p») > 0 which, for the same
reason, holds if 0, is a critical point of f in the sense of Lemma 5.4. O

Corollary 5.7 For any y and € > 0 small enough the minimizer of f. is unique, same holds
at € =0 for f. For € > 0 (and small enough) there is a unique critical point in the space
{loa — p®| < 2¢}; such a critical point minimizes f.. Analogously, when € = 0 there is
a unique critical point in the sense of Lemma 5.4. Such a critical point minimizes f. The
minimizer of fe, € > 0, converges as € — 0 to the minimizer of f.

Proof From Lemma 5.2 it follows that any minimizer p, . of f; is also a critical point and
verifies (5.7), so forall x € £_ ,ZY N A and all s € {1, ..., S}, |pa.c(x,5) — pP| <2¢ and
we can apply Theorem 5.6 to the matrix D32 £, (P4 .c; Gac)- If we assume that there are two
minimizers, then (5.12) gives a contradiction. The proofs in the case € = 0 follows by using
Lemma 5.3. ]

5.4 Perfect Boundary Conditions

In this subsection we restrict to “perfect boundary conditions”, by this meaning that we
study
I (oa1ac) = Fa(palp™1ac) + 8(oas gac) (5.13)

namely we replace in the LP term of the effective Hamiltonian, see (4.12), pac by the mean
field equilibrium value. fépf is then defined by adding to fP' the term f, — f given by (5.5).
All the previous considerations obviously apply to fP' and fepf.

Theorem 5.8 For any y small enough and for all € > 0 small enough, the minimizer /3;{6

of ﬂpf minimizes fP as well and it is such that

1A% (D) = pl) I < c(yl_,)™, forallieA (5.14)

¢ > 0 a constant.
Proof Since ﬁif,e is a minimizer of fepf, Dy fepf(ﬁf\f,é) =0. Then if (5.14) holds,
DafP (A% ) = D f2'(BY ) = 0 and by Corollary 5.7 4% . is a minimizer of fP". We thus

have only to prove (5.14) for all € > 0 small enough. Consider first the simplified problem
with g =0.
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Case g =0 Recalling (4.3), if Dy Fa(oalp®14c) =0, then by an explicit computation,
foralli € A,

pAa>=exp{—ﬂ[ > tﬁmhjnﬂj)+(1—thé%-—M4} (5.15)

jet—yzd

where p(j) = pa(j)if j € A and = ,os(l(‘j).) if j € A pp(i) = ps(](?) is a solution of (5.15) and
therefore also a solution of D, fff =0 (with g =0). By Corollary 5.7 it is then the unique
minimizer of fepf and (5.14) is proved (for g = 0).

Proof of (5.14) Call

feo(on) = Faloalp®1ac) +60g(pn; Gac, t) + (fe — f)

0 € [0, 1]; for all € > 0 small enough denote by pa.g the minimizer of f.4, so that
Dy feo(Pa.co) =0. Suppose that

dpa.e
2PAco exists for all 6 € [0, 1] and depends continuously on 6 (5.16)

Obviously pp.c.1 = Pa.c While Py 0= p®1, because of the above analysis with g = 0.
Then

1 A~
R dpn.co
€0 = (k)l + / € 517
PAeo6 =P 1A A 40 ( )

On the other hand by differentiating D f: 6 (0a.c0) = 0 we get

dlaA,e,()
do

D3 feo(Pa.c0) = —Dag(Pn.co) (5.18)
By Lemma 5.2 and Theorem 5.5 for all € > 0 small enough, Df\ Sfe0(OA.cp) is symmetric
and positive definite, then by Theorem A.3 the inverse (Df\ Sfeo (D A,g))‘1 is well defined and
bounded as an operator on L*°, and we thus get from (5.18)

<clDag(ha.eo)lloc <c'(yl-,)™ (5.19)

dlaAA,e.e
do

which by (5.17) yields (5.14). (5.19) also implies that |pa,e9 — p®© 14| < /(y€-,)%. No-
tice that (5.19) implies (5.16), but unfortunately the argument is circular as it started by
supposing the validity of (5.16). To avoid the impasse we start from the equation in the
unknown u 5

D7 feo(pa)ua =—Dxg(pa) (5.20)

where p, is considered as a “known term” such that |pp (i) — ,of’(?)| <?2¢ foralli € A. From
what said before, (5.20) has a unique solution called p, (i|ps) and

loaGlpa) <c(yl-)®, forallie A (5.21)
Since pa(-|pa) is Lipschitz in p, (we omit the details) the ordinary differential equation

dpa(6)

Jg = PaClea®). pa(0) = oW1, (5:22)
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has a unique solution p, (8). Then, by (5.20),

d - -

EDAfe,e(pA ()) =0, and hence Dy f.6(n(:0)) = Da feo(p®12) =0 (5.23)
Since |oa (0) — p® 141 < ' (y£€- )%, Dy fo.6(pa(+; 0)) = 0 as well, hence by Corollary 5.7,
Pa(30) = pa.co(-) and by (5.22) it is differentiable with continuous derivative. Equa-
tion (5.16) thus holds and the theorem is proved. O

5.5 Exponential Decay

This subsection concludes our analysis with the following main theorem, Theorem 5.1 being
proved in the Sect. 5.6 as a corollary, taking A{ as a neighborhood of x in A° and Af§ =
AN\ AS.

Theorem 5.9 There are & and c positive such that the following holds. Let p, and p} be
the minimizers of f(pa,qje), respectively f(on,qhc), With Gy, qye € Xac. Then for any
partition of A€ into two D~7)-measurable sets A{ and AS$,

A6 = 3] = ¢(min {1y, g smax (v, ) + 197 @Rt ) = 7 @t )}
1 1 J 1
—wy|lx(—-x(DI1._, _, j
+ Z e 1 i <f—.w>’ VieA (5.24)
Jens € €

Proof We follow the interpolation strategy used in the proof of Theorem 5.8. To this end we
separate the “interaction part” in f; writing f. = f0+ f.! where f° = f%(p,) is independent
of the boundary conditions while

Fon, Gac) =t (o, Vypac) + 81(0as Gac) (5.25)

where g; is given by the r.h.s. of (4.9) with the sum over i restricted to the set i N A€ # .
We then interpolate between the two boundary conditions

fo.e(oa) = f2(oA) +0f1 (pa, G1e) + (1 = 0) f1(oa, Gpe)s 0 €10,1] (5.26)

The analysis done in the previous subsections applies to fp (os) as well. Thus the mini-
mizer Pp .9 Of fp.. is unique, is a critical point (i.e. Dy fy(Pa.c.0) = 0) and satisfies for all
xel_,ZNAandalls €{l,...,S}, [Paco(x,s) — p®| <2¢.

We can apply the same proof as the one given in Theorem 5.8. In fact by Theo-
rem 5.5, for all € > 0 small enough, and for all p, such that |p, (x,s) — pf,k)| <2¢, we
have that Df\ Sfo.c(pa) is symmetric and positive definite, then by Theorem A.3 the inverse
(D3 fo.c(pa))~" is well defined and bounded as an operator on L. Thus the equation

0Dy fo,e(pn)

(D3 fo.e(pa))up = — 20

(5.27)

has a unique solution that we call u, (-, pp) that is Lipschitz in p,. This implies that the
equation

dpA,e,G
do

=up(, Pre0)s  PAre0=PAreo
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has a unique solution that coincides with the minimizer p . Thus p4 ¢ is differentiable
in 6 and dpp . »/d0 satisfies

dpp. IDA fye(Prc
(D3 fo.c(Pac)) pA ‘- Afgée(p” o) (5.28)

By Corollary 5.7, pa .o converges by subsequences as € — 0 to a limit g, o which mini-
mizes fy, so that

N ! dpAA.e,G(i)

|04 () _pA (5.29)

dﬂ/\eﬁ()

‘We now estimate | | uniformly in € and 6 to prove (5.24) as a consequence of (5.29).

Equations for dpp.cy/d0 we let

ui= :—9,5/\.6.9, v= —%DA frerco|, »  A=Difoc(pres) (530
so that (5.28) becomes
Au=v
We also define:
Ao = D3 fo.0(Par.co): a:=A-Ap (5.31)

« is a diagonal matrix whose diagonal elements are

(i) =3¢ (((Baco ) = [0 + €D + ((Paco®) = [0 —cD-P) (532

To distinguish among large and non large (called small) values of o (i), we introduce a large
positive number b which will be specified later and, calling H the Hilbert space of vectors
u= ()i €n),

G={i:ali)=b}, He={uecH:u@)=0, foralli € G} (5.33)

Let Q be the orthogonal projection on Hg and P =1 — Q, thus Q selects the sites where o
is large and P those where it is small.

Our strategy will be the following: rewrite Pu, Qu as linear expressions of Pv, Qv to
get bounds on Pu, Qu (and therefore on u) using knowledge on v.

Rewriting Pu, Qu in Terms of Pv, Qv  Since the matrices «, P, Q are diagonal they com-
mute, giving for instance Qe P =aPQ =0, i.e.:

QAP = QA,P, (5.34)

and symmetrically:
PAQ = PA,Q. (5.35)
Using Q? = Q together with (5.34) we get:
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QAQQu=QAQu= QA(u — Pu)
QAQQu=Qv— QAPu (5.36)
Qu=(QAQ)"'{Qv— QA¢Pu}

where QA Q is invertible on the range of Q since A is a positive matrix.
Using P? = P together with (5.36) and (5.35) we get:

PAPu+ PAQu= PAu= Pv
PAPu+ PAy(QAQ) " {Qv— QAgPu} = Pv
(PAP — PAN(QAQ)"! QA0>Pu — Pu— PAy(QAQ)"' Qu
Let
B=PAP — PA((QAQ) '0A, (5.37)

so that if B is invertible on the range of P (as we will prove), then

Pu=B ' {Pv— PA(QAQ)"'Qv)} (5.38)

A Decomposition of v Recalling (5.30) and (5.26), after expanding the Poisson polynomi-
als in (4.9) we get,

v(i)
=t 3V D ()~ )
JjeAC
- Z(sz,y)aon Z ki, (dn (i, ki ooinskiys Ghes ) p" G517 p” ()i
n il,k[l seeesin Ky i =i
_ dn (il, k[l e, in7 ki,, : q;\c’ t)p’(l'l)kil -1 e p,(i”)kin) (539)

=

where p"(i) = p'(i) = pa.co(i) if x(@) € A and p"(i) = pxc (i), p'(i) = pue(i) when
x(i) € A°. The coefficients d, satisfy the same bounds as the coefficients ® of (4.9) (with
maybe a different constant).

Shorthand by {x;} the sites in {x(i1), ..., x(i,)} which are in A, noticing that by defini-
tion of g, there are not terms with {x;} = Q)_.

We then call v" the sum of —¢ Zje,\(l- V, (i, ))(PXc(j) — Pyc(j)) minus the second sum
on the r.h.s. of (5.39) restricted to sets (i1, ..., i,) such that: {x;} # @ and any x; € {x;} is
either in A§ or g/ =§.._.C; =Cy ", (or both). v® := v — v

Xj Xj

By linearity u = u¥ 4 u® where u" and u® are defined with v replaced by vV and
v® and we will bound differently «" and u® using || - || norms for the former and || - ||
norms for the latter.

Bounds on u® By Theorem A.1 if b is large enough and ¢ > || A¢||,
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-1 2c? -1 2¢% oo
[PA(QAQ)™ QAo = 5 8, [PA(QAQ)™ QAollo = 5 ¢ (5.40)

Moreover by (A.5)

262620’

sup > 1B, j)le”" /1 < sup B JIAG. j)le”" ™/ + <b=a  (541)
J J

Then applying Theorems A.2, A.3 with B as in (5.37) and R, = PA,(QAQ)~'QAy, B is
invertible and there is a constant ¢ > 0 such that |B~!||, < c. Therefore there is a new
constant ¢ such that

|PuV ()] < cmax [v™ () (5.42)
J

If C}XT = c};\({, v =0and uV = 0 as well, let us then suppose ‘?Xi £ q;\?‘ Then (5.39) yields

1Pu )] = e max |7 (1) = Bhe ()] + (vE-,)") (5.43)
JEA]

To bound |QuV(i)| we go back to (5.36), the same arguments used before prove that
I(OAQ) s < ¢ as well, so that |[Qu P (i)| is bounded as on the r.h.s. of (5.43) (with
anew constant ¢) and |uD(i)| is therefore bounded as the first term on the r.h.s. (5.24), we
will prove next that |u® (i)| is bounded as the second term on the r.h.s. (5.24) which will
then be proved.

Bounds on u®  Recalling the definition of v®

W@ = YKy (5.44)
J J

JEAS
where Y, K, (i, j) <cg and K, (i, j) =0 if [x(i) —x(j)| > 'y, ¢ and ¢’ suitable con-

stants.
By Theorem A.2

L L
B, )l <(—+— exp[—L“ N k5. sasin(540)  (545)
a k' a—+«k'

By (5.45) and (5.44), calling ¢ =1/a + 1/’ and w = k' /(a + &),

BT PO @) < Y g sy fexce e O (5.46)
jEAE‘ C/ C.f
By (A.5)
P c
1A . jle’ ! < 7‘2 (5.47)
i

and since Ag(i, j) =0if |i — j| > c’y~! and Yo 1A, DI < cap,
|B~'PANQAQ) Qv (i)
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< 1.1 - e~y x()— x(j’ )\C e
=202 Y L
% e*)/lx(j")fx(j')l I(QA Q)*l (', j//)|e}/|x(j”)*x(j')le G”, i

_ N v CQ
< C//CA ec w 1_// _, a)y\)c(t) x(j )\e(uL =) ek
{ } Z 75 j/// b

<!/
JEINS J

Thus supposing @ < 1, we get from (5.38)

1Pu® (@) < > 1 s_ce —orE@-x()] (5.48)

JEAS €

To bound Qu® (recall (5.36)) we use (5.47) to get

(A0 Qv () = Y 1y #q;w Y@= () (5.49)

/EAL / b
while, using (5.48) and (5.47),

(QAQ)™ QA Pu? ()] < ZZ S Agr g ce eIy

I j’”EAr ]/// "

x |Ag(j', j)e "I Dl | (0 A Q)7 (i, j)|e 10D =]
v _ PN co
< cet 1r Lo e~ @Y@—x("l, e
- Z I, Pe, o\ b

hence

|QM(2)(1)| < _ Z 1_” ;&” e =y lx@)—x()I (550)

jeA‘

5.6 Proof of Theorem 5.1

The proof is a corollary of Theorem 5.9. Indeed given any x € £_ , Z¢ N A, call A¢ the union

of all C\™", y e £_,7¢ N (A° N B,(10-°¢,,)). Then if K (x) > 0, same notation as in
Theorem 5.9, éXq =gq AS and by (5.24) we are reduced to a sum over j € AS. We split the

exponent —yw|x (i) — x(j)| into two equal terms and get

30
|p (x,s) — PA(X $)| <cle” (@/2)y[107V 04 ) —— V]}{Ze*(w/Z)le A(/)\}
J#A{

< c/e—(w/Z)y[1073()l+,y*Z*VV] (55])

The exponent a) in Theorem 5.1 is thus going to be half the w of Theorem 5.9. Using Theo-
rem 5.9 with 5. replaced by p® 1, and calling 4” the corresponding minimizer,

| APf(x ) — ;\(x’ 9| < C/e*(w/z)y[l0—30(i+,y*e*.y] + (Cl()/g—,y)“o + g-m)
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and using (5.14)

~ — —30 —
183 (x.8) = pP| < /e PPN T g (e + Iy €)™ + G

which proves Theorem 5.1. ]

6 Local Couplings

In this section we prove Theorem 3.3, thus we fix a region A, union of a finite number Ny,
of cubes of D+ and two boundary conditions g; xc € XI(\IZ), i=1,2.Wealsofixat e (0,1]
and we consider the two Gibbs measures dG(}\(qA |qi.ac) i =1, 2 defined in (3.22) and with
state space X’ /(\k). The aim is to construct a coupling Q » of these two probabilities such that
(3.25) holds. Q4, being a joint distribution, is defined on the product space X,(\k) X X[(\k)
whose elements are denoted by (¢}, g)-

6.1 Definitions and Main Results
Recalling that K (+; x) := K (g1, ac, g2.a¢; X) 1s defined in Definition 3.2 we denote by

Ao = Ao(Grac. Gone) = {x €L, Z' N A Kn(Gr.ae, Go.ae; X) > 0} (6.1)
In order to prove Theorem 3.3 we have to find a coupling Q, so that there is €, such that

D 0aOAx)) <€ 6.2)

xXeAg

‘We define (recall that B, (R) is the ball of center x and radius R),

Ar= | B.(107, )N A (6.3)

X€EAQ

and we observe that A D Ay, dist(Ag, A]) > IO_ZOL, y. We denote by
n=n, = {n(x,s) eNxet ,ZinAsell,..., S}] (6.4)

and in the sequel we will consider only those n such that for all x € £_,Z¢ N A and s €
{1,.... 8}

PP ()| <¢

n(x,s)
’ [z

Given n and any subset A C A we will call n, the restriction to A of n.
Given a subset A C A, we call dj the following metric on X 1(\") x X 1(\"):

dalqh.q) =Y. di(qh.q)) (6.5)
xel_,Z4nA
0 ifgynCc " =g nc
do(qh, qh) = A A 6.6
@x-44) il otherwise (6.6)
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We call Ra(u, 1') the corresponding Wasserstein distance between two measures w and p’
in X(k) x X(k)‘
A A -

Ra(p, ') = irglf/ da(qy.q3)d Q). q}y)

= inf Y o@ana #£qinct) 6.7)

xel_, Z4NA

where the inf runs over all possible joint distributions (couplings) of u and u'.
In Sect. 6.3 we prove the following theorem.

Theorem 6.1 Given A union of Ny cubes of D+ there is €y = €o(Ny) such that for all
giac € XXZ), i =1, 2, the following holds.

Given any n', n" such that ny = ny =:na, (A defined in (6.3)), the following holds.

Calling 51 = A \83;71 [A1], for any two configurations qi,A\Al, i=1,20n Xik\)il, we
denote by cji_éi =q; p\h, Y Ginc, 1 =1,2.

Let dG}(q5,19;.4c.na,), i = 1,2 be the probabilities G} (1gi.ac), i = 1,2 conditioned

to have the configuration in A‘l equal to q; A and occupation numbers in Ay given by ny, .
Then for A defined in (6.1)

Rag(dGY Clay ac-na)), dGL 1y 5c.nay)) < €0 (6.8)
The next result, proved at the end of Sect. 6.6, deals with the Wasserstein distance R,
of the distributions of the occupation numbers 7 that in Theorem 6.1 have been set equal to

each other inside A . For these variables the metric d, defined in (6.6) is replaced by

;o 0 ifn'(x,s)=n"(x,s),Vs
d,(n',n") = .
1 otherwise

Theorem 6.2 Given A union of Ny cubes of D) there is €| = €;(Ny) such that the fol-
lowing holds. Let G?\ (nalgiac), i =1, 2 be the marginals ofdG% (qalginc), i =1,2 on the
variables ny defined in (6.4).

Then

Ra, (dG) (nAlG1.a0), G (AlG2.00)) < €1 (6.9)
In Sect. 6.7 we show that Theorem 3.3 is a consequence of Theorems 6.1 and 6.2.
6.2 Two Properties of the Wasserstein Distance in an Abstract Setting

Let © be a complete, separable metric space with distance d(w, @) and let R(uy, no) be
the corresponding Wasserstein distance between two measures (¢ and . Thus

Rgu o) = nf [ d(. ) Q(do. o) (6.10)
where the inf runs over all possible joint distributions of p; and .
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Theorem 6.3 Let v be a given positive measure on Q. Let h and v be such that for all
1€[0,1],

Z, = / e~ h@FV@Iy, (dgy) < 0o, (6.11)
Set
my(w) = Z; e @@l W (dw) = m, (0)v(dw) (6.12)
Then
R(ur, o) = sup (10 o) + oD (0D (6.13)

where, after fixing arbitrarily an element wy € 2, we have called |o| = d(w, wp).
In particular,

R(p1, po) < 2(sup |o]) (sup|v(w)]) (6.14)

Proof Let

m(w) = min{m(w), my(w)}, C=1- /m(a))v(dw)

1
Pdwdw') = {m(w)tswm/ +a [m (@) — m(w)][my(') — m(w’)]}V(dw)V(dw/)
P is a coupling of w; and o and therefore

R(umm)f/ d(w, ") P(dodw')

QxQ

=< / || ([m1(@) = m(@)] + [mo(®) — m(w)])v(dw)
Q

=f 0] 711 (@) — mo(@)|v(dw)
Q

having bounded d(w, ') < |w| + |@'| and integrated over the missing variable.
Equation (6.13) is then obtained by writing m (@) — mo(w) = fol %m,(w). O

The following estimate is taken from [12]:

Theorem 6.4 Let A C Q2 be a measurable set, u a probability on Q2 and |4 the probability
u conditioned to A. Then

R(p, pa) < 2sup|o| n(A9) (6.15)

we
Proof Let
Q(dw, dw) = 1yeat(dw)d, (do') + Lyeac p(dw) pa(da)

where §,,(dw") is the probability supported by w. Let f be any bounded, measurable function
on €2, then

[ r@to.d0) = [ fomor+ [ s@nio [ o) =u
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/ F(@)Q(dw, do') = / F(@)(dw) + w(A) f F(@)palda)
A

= ua(HH(A) + pa(HH(A) = pa(f)

Hence Q is a coupling and

R(p, pa) < /d(w, o) Q(dw,do) < / Loeac(Jol + |0 Dp(dw)na(de)
which proves (6.15). ]
Eventually, we mention the following elementary property:

Proposition 6.5 Assume that the distance d satisfies m(d) 1= inf e d(w, @) > 0. Then
for all probability measures ., v and for all A C Q

m(d) - |n(A) —v(A)| < R(u, v) (6.16)

Proof Without loss of generality we assume j1(A) > v(A). Remarking that 1,y > 1,ea —
1,/ca, we get for any coupling Q of u, v

m(d)(u(A) —v(A)) < /d(w, &)z Gldw, do') (6.17)
and the proposition is proved by taking the infimum over all possible couplings Q. ]

Remark 6.6 The proposition above states that Wasserstein distances associated to very par-
ticular distances d are finer than the total variation distance dyy (i, v) :=sup,q [t (A) —
v(A)|. In the following, we will use this property for R, remarking that m(d,) = 1.

6.3 Couplings of Multi-Canonical Measures

Here we prove Theorem 6.1. Recalling that AI =A\ 8;’;1 [A], we fix two boundary con-
ditions ‘Z‘, A = qi,ma, Y Giac, i =1,2. We have to compare the marginal distributions of
dG(}\ (4a, |qi$5§, na,), i = 1,2 over the configurations in A, (i.e. well inside 51). Since
the probabilities dG9 (¢ Al Acst Ap)» i =1,2 depend only on the restrictions of g; Ac to

63)/,; [A] where n'(x, s) = n"(x, s) the corresponding occupation numbers in the two mea-
sures are all equal to each other. We will thus study couplings of multi-canonical measures,
hence the title of the section.

It is now convenient to label the particles. To this purpose we use a multi-index
p = (Cy,s, j), where C, is the cube of D*-) where the particle is; s is its spin and
Jj ef{l,...,n(x,s)} distinguishes among the particles in the same cube with same spin.
We call £ A the set of labels

Li, ={p=(Ci.s.j).x€As=1,....8.je(l.....n(x 9}

Observe that £ is determined by n, ~and we thus have the same labels for the two mea-
sures. Given p = (Cy, s, j) € Li, we denote by r, a vector configuration r, = (r;, s) with

r;j € C,. We then denote by ey, = {rp, p € L3, } a vector configuration in A. Analogously
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we define rC&LI,. We then call HCAI (r%1 |r%(l_) the energy Hﬁl,r defined in (3.14) and with
na, fixed as above.
Calling
dv,(r) =1l.ec, dr (6.18)

we define

—BHc; (g Ireie)
PEAI (drl;AllrLA(]‘)=Z(r£A?)71e AL TAL T 1_[ v, (dr) (6.19)

pGLAl

Remark 6.7 1f A is a D~ measurable subset of A;, then £, denotes all labels (C, s, j)
with C C A and the marginal of P, (dr.,|rc,.) over the unlabeled configurations is the
original multi-canonical measure in A.

We will thus prove Theorem 6.1 if we can compare

P = PCAI (~|r£5€) and P" = P%l (~|r£N1) (6.20)
by evaluating the Wasserstein distance Ra,(P’, P”).

We will use the Dobrushin high-temperature techniques which allow to reduce to a com-
parison of the conditional probabilities of a single variable r,.

Proposition 6.8 (Dobrushin high-temperature theorem) There is ¢ such that the following
holds. For all py = (Cy,, 50, jo), Cx, C Ay, all p1 = (Cy,, 51, j1) and all r;,l and r;,/l

Slrlp RAO (Pﬁpo ( -, r/Pl)’ PLI’O ( -Ir, r;,’l)) = Cyd+a_ ldisl(Cxoycxl)SV_l (6.21)

where r = (rp) p£pg.p,
Proof The probabilities to compare have the form

"

’
Pe, (drir, 1, ) reCy, dr

T ZG

I
while

Wy(r)+W1’/(r)1

Pe,, (drlr, rgl) e recy, dr

Z(r,ry)

where W, (r) = -8V, (r, rj/-l) and WJ’/ (r)y=—-p{V,(, r}’l) -V, (@, r}l)} hence

W, (] < B sup [VV, (rr)lE- <y gy, eyt

r’ECX]
Proposition 6.8 then follows from Theorem 6.3. 0
Remark 6.9 From the proof above, we see that the r.h.s of (6.21) is actually proportional to

By¢Te= . In other terms, the effective temperature of the system is of order y ~¢~%- and thus
very high indeed.
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Corollary 6.10 With P’, P” defined by (6.20), there is €y such that for all y small enough
the following holds:

Rpy (P, P") <€ (6.22)
Proof For py and p; as in Proposition 6.8 we call §(pg, p1) = cy*+* ldist(CXO,Cxl)fy‘l

(which is the r.h.s. of (6.21)). Then there is ¢ > 0 such that for all y small enough the
following holds:

Rag(PLPY< D7 3" > 8(po, p1) -+ 8(pas p)

POECAO no pl,...Pn€LA pELA
< efgdist(AOAA‘i)
The first inequality follows from the Dobrushin high-temperature theorem (Proposition 6.8)
while the second one is obvious once Y pp 0D p) < cy® < 1 (which is satisfied for all
y small enough). O
In view of Remark 6.7, the Theorem 6.1 is a straightforward consequence of 6.10. [

6.4 Taylor Expansion

In this subsection we consider the marginal of d G?\ (galgac) on the variables py = 09 ny,

ny={nx,s),x € E,,},Zd NA,se{l,...,S}. By an abuse of notation we denote also the
marginal with G?\ (palgac).
Recalling (4.2) we get
G (paline) = gz PRI OnITA) (623)
A ZeMM(gpc)

Recalling (5.1) we also define

G (palgac) = 77@n0) o BLLy F(on1dne) (6.24)
The following holds:
Proposition 6.11 For all ) pc, ga ac € X,(\]f‘),
R, (G°C141.a0): GOC1d2,a0)) < Ray (G*C1G1,a0), G*(1G2,00)) + 2677 (6.25)
with t given in (4.13).
Proof By (4.13) there is ¢ = ¢(N,) such that
|H(0alGac) = f(oas Gac)l < cy” (6.26)

By (6.26) and Theorem 6.3, there is a (different) constant ¢ > 0 such that
Ry (GOC1gac), G*(1ga0)) < cy” (6.27)

Hence the triangular inequality implies (6.25). O
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We will bound R, (G*(:|g1,a¢), G*(:|q2,ac)) by using the triangular inequality to replace
the two measures by their Taylor approximants.
We first prove the following result true for any D“+)-measurable region A.

Theorem 6.12 For any gac € XI(\I?, calling = G, (-|qac), the following holds.
There are ¢ > 0 and § < 1/2 that verifies (6.29) below, so that, calling p, the minimizer

of f(pa;qnc)
(B € A3t loa(r, ) = patx )| = £7H)) s et (6.28)

Proof Denoting simply A :={3x € A, 3s : |pp(x,s) — palx,s)| > Z:WHS} we have

. _ 1 e
u({axeA,as:|pA(x,s)—pA(x,s>|ze,"/“‘s}):Z*(é S 2 Iy
A PAEX[(\k)

By Theorem 5.6 we have that
_ A = K ~ ~
S(oasqac) = f(pasqac) + 5 (PA — PAs PA — )OA)
Thus calling C = (3220, e #5"" )5V we get

Z e—ﬂi‘i foaigae) 14(pa)

PAGX/(\I()
ALY exp{—ﬂzd_g ;[pm,s)—ﬁA<y,s)]2—ﬂ§e’i§}

k
ﬂAEX,(\)

00 S1Al/e2
< ¢ PLIGriane) g=B5E2 [(Ze—ﬁ§n2> }
n=0

< ¢ PLIGNane) g=B5 2 C(ta/t-)!

We bound the partition function as follows, with 0 < € a small constant to be chosen
later:

(= =Bt f(pasdac)
Z*(qac) = Z e 1{

(k)
PAEX )

d/2+5

[0 (x,8) =P (x,5)|<el” Vx,Vs}

N r.2
> o BLI(niane) g=B G2 (g =d/240)S(ts /L)
so that

M({IpA(x,s) — palx,8)| > e:d/2+6}>

—C'e? e\ _
§exp{— [ﬂ% — % (Z_+> log(Ce’IE'i/2 5):| E?}
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Remark now that

e\ _ :
% (£—+> log(Ce_IZ”i/2 5) =ay’ (logy)*
witha =(d/2—8)(1—a_)>0,b=(1—a_)28— (a4 +a_)d and c = Ce~! > 0. Choosing
& such that b > 0, i.e.

(ay +a_)d

which is always possible (see (3.3)), we get y?(log )¢ — 0 as y — 0. The theorem is now

proved with0 <c < 8 “_g/fz , which is always possible for € small enough. 0

We call p, ; the minimizer of f(-; g; ac), i = 1,2. We then let

Aci={oa € X0 1pp(x,s) = paiCx, ) < €% v vs), i=12 (630

Proposition 6.13 For all §; nc € X\, i =1,2,

Ra, (G4 (palq1,4¢), G (pAlG2,a0))

* - * - —c 28
< Ra, (G (paldiac, A1), Gh(0alG2,ne, A<)) +2ce (6.31)

where G’ (palGinc, A<;) i = 1,2 are the probabilities G, (-|q; ac) conditioned to A ;,
i=1,2.

Proof Equation (6.31) follows from Theorem 6.12 and Theorem 6.4. O

Analogously to (6.3) we define the following subset of A.

Ay=|J B.(1070, )N A (6.32)

XEA]|

and we observe that A, D Ay, dist(A;, Af) > IO_SOL. We also have
Lemma 6.14 Let K be as in Theorem 5.1. Then I%(x) > 0 forall x € A;.

Proof Let x € A, by definition of K (x), if A, = B,(107°¢, ,,) N A° = then K (x) =
m + 1 > 0. Assume then that AX ;é #. By (6.32) and (6.3) there is xy € A such that |x —
xo|l < (1 + 10710)107206#% thus A, C Ay, = BX(IO’IOZJW) N A° and therefore Ay, # 0.
By definition of Ay we then have that g, N Ax =qjeN AX and also that K (xo) =m+1>0
with m > 2 where m is given by MaX,ea, se(l,...s) I,O(L’V)(L}I'\c; r,s) — ,os(k)l € [Cms1> Em)-

Then max, ;i cqi...s 107 (@5 7, 8) = p®| < &, that implies that K(x)>0. O

yeeny

Recalling that p; 5 is the minimizer of f(-; g; ac), i = 1,2, we observe that in general
the gradient of Dy f (see (5.6) for notation), evaluated at p; o does not vanishes in all A.
However, by Theorem 5.1 and Lemmas 5.4, 6.14 it follows that D, f (0; a; g, ac) = 0.
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N being defined by Theorem 4.1, we set Ay =AU SZUI]N[AZ] and define

pra(x,s) ifxel ,ZiNA,

A . d - (6.33)
pPia(x,s) ifxel_,ZN(A\A)

pi(x,s) =
Thus p; = p1,4 in A, while pi(x,8) =p1a(x,s) forall x € £_7¢ N A and Vs. We denote
by p* the common value, thus
P (x,8)=pf(x,s)=p;(x,s), Vxe Z_J,Zd N Ay, Vs (6.34)
We also define the matrix B; 5 with entries:

D2 f(Pra; Grac)(x,s,x',s") ifx,x €l ,ZINA,

s A , . (6.35)
D% f(Dia; @iac)(x,s,x',s")  otherwise

Bia(x,s,x',s") =

Observe that By 4 = Df\ F(P1.a5 G1.4c). We denote by B the two matrices restricted to A, U
—1

8Ly N[Ag] which are then equal; their common entries are then
B(x,s,x',5")=Bia(x,s,x',8) =By s(x,5,x',5") Vx,x' € K_Y},Zd N(Ay),Vs (6.36)

We define fori =1,2

. 1
@i (PA; Gi,nc) = (DAf(,Oi.A§ Gi.nc), [pa — p,-*]) + 5([/01\ —p71, Bialpa — p;“]) (6.37)

and the probabilities

86 i (o e Zged 0 (or 2 e
B 0i(oAsdi A )XAS,I-(IOA)’ Zin :Ze BLL 9 (pAGi A )XAS,-(IOA)
oA

1
wi(pp) = Zin

(6.38)
where x4 is the characteristic function of the set A:
The following holds:

Proposition 6.15 For all g; sc € XI(\I?, i=1,2, and for all €; > 0 if y is small enough the
following holds:

Ra, (G (palG1acs A<1), G (PalGoacs A<2)) < Ra, (111, 2) +2cy™* + 62 (6.39)

Proof We Taylor expand f(pa; gi ac) and we call R; the third order.
Ri = f(pa; Ginc) — f(Pias Giac) — (DAf(lai,A; qi.anc), [pa — ,51',1\])
1 . . .
3 ([,OA — pi,al, Dy (i, Gioac)oa — Pi.A]) (6.40)

Observe that in A< ; and for a suitable constant ¢;

0\ a5
BULIR < 1Bt Y 1pa(x,8) = pia(x, o) sclei@—*) g

X8
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and conclude that the right hand side of the above inequality is estimated by ¢y ?/* as soon
as § satisfies

d[1
S < 12— 30 — 2004 (6.41)

which is compatible with (6.29), see (3.3).

Since B A = D%f(,ﬁl,,\;c}l,,\o) and pf = py a, by applying Theorem 6.3 with v =
BLERy and h = BLL(f(0a; Giac) — Ri1) we get that

Ra, (Gh(oald1ne, A< )iy ) < ey (6.42)

From Lemma 6.14 and (i) of Theorem 5.1 we get that given any ¢, for y small enough.

d d
ﬂ67 A 2 A = A ,3£7 * *
‘T([/)A — p2,01s D f (02,85 G2,a0) oA — Pz,A]> — T([pA — 5], Boalpa — ;02]>’
ped R . R
< ‘T([,OA — 02,4l (D,z\f(Pz,A; qz,ac) — Bz,A) [oa — ,02,A]) ,
Ay
za’
s — ol Boslf s — ’
+ ‘ 2 ([,01,A 02,01, B2, Alp1,4 ,02,1\]>AZ
d
< ’T_([,OA — p2.al, (Dif(ﬁz,AQ Go.ac) — DA f(Pr.a; L?z,Af)) [oa — ﬁZ,A])A
2

Bet R R R
+ ‘T([pl,A — 02,01, Boalo1,n — Pz.A]> ’

A,

ﬂﬁi 25 1000496
=@+ Z ce P < ¢

xel_, Z4NA,

By applying Theorem 6.3 with v = L4 [R, — %([,oA — 031, Boalpa — p3D] and h =
BEL(f(pa; Go.nc) — V) we get that

Ry, (GR(PA |G2,ac5 A<2), Mz) <y +e (6.43)
By using the triangular inequality we then get (6.39). ]
6.5 Quadratic Approximation in Continuous Variables

In this section we consider the conditional probabilities w;(-|0;a\a,), Pia\a, € A<iis
i =1,2.8ince Da, f(pi,a; Gi,ac) =0, and recalling (6.34) and (6.36), we have that

o P S Upay =01 Bayloay =0 D+(0ay —0*1. B4, a\ay —* D] Xa. (pay)

Wi (P, l0iava,) = (6.44)

Zip, (Pi,A\Ay)
where B,, is the matrix B restricted to A, and where, as usual, Z; A,(0; a\a,) is the sum
over pp, of the numerator on the right hand side of (6.44).

We compare the probabilities p;(:|0; a\a,) With measures p; with the same energy but
with continuous state space. To define these measures we start by setting some notations.
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By convenience we consider the variables n,, = p Ays thus na, = (n(x,s),x € 0_7°N
Ay, s e{l,...,S}). Since u;, i = 1,2 defined in (6.44) have support on A ;, the variables
na, are such that

[n(x,s) —a*(x,s)] € {—M, M1, M}, a*(x,s) = £ p*(x, 5) (6.45)

where M is the integer part of ¢ (8 as in Theorem 6.12).
We call £ = (6(x,s),x €£_Z' N Ay, s €{l,...,S}) with

E(x,s) = 2" [n(x,s) —a*(x,s)] (6.46)

and we denote by Xy ={£ : &(x,s) e {—M,—M + 1,..., M}}. In this new variables the
boundary conditions become

g = E:d/zB[fl,-,A\Az —a*l,  fiaa, =P A, (6.47)

By an abuse of notation we call u;(£|7) the distribution of the variables £ under the
probabilities 1; (-] 0i,a\a,) defined in (6.44), thus

Ml(é'é}-,*) — %Eﬂefﬂ[%(é,BAsz’(sfi*)] (648)

where Z (&) is the sum over £ € X, of the numerator.
We next introduce variables r = (r(x,s),x € Ay, s € {1,..., S}) which take values in
the interval of the real line:

r(x,s) € L2 =M, M + 1] (6.49)
and we call

Yy = {K (. s) € 2P —M M+ 1], Vx € Ay, s € {1, S})} (6.50)

‘We next define the probabilities measures on Yy, as

1 *
dpileh = ———eliemnredly g, =12 6s1)
Zu®)

where dr = ]—IH dr(x,s) and Zy (&) is the integral of the numerator.

Proposition 6.16 For all p; a\a, € A<, recalling (6.47) the following holds:
Ra, (11 CIE), 120180)) < Ray (P1CIED). p2C1ED) 420" (6.52)

Proof Given & € X we call C(€) = {r : 0 < r(x,s) — £(x,s) < £-Y% Vx € A,, Vs} we
define H'(§|&) as

e—H’(ElE,-*) = / e*ﬂﬁid[%(LBAZK)+(L§,-*)]dr (6.53)
c®)
and the following probabilities m; on X,
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o~ H'ElED .

By continuity there is a point r, € C(§) such that
/ * 1 *
(165 = B| 5 e Bayro) + (2. 67) (6.55)
Therefore

< sup |V{(r, Ba,r)/2 +ENNIE? (6.56)
reC()

1
’H’(E) —5[5(57 Ba,8) + (E,E,-*)]

where Vi (r) is the vector defined as the gradient of ¢ with respect to the variables r (x, s)
and || - || is the norm of the vector -.
Since || By, || < c¢* ‘?TZ‘ then

_ 0,
N2l gps pmarr _ xgy, (
Iz

d
; )e:"/m (6.57)

/ 1 *
‘H 6 — ,3[5(57 Bp,8) + (6, ¢ )]‘
For y small (f—f)dﬁid/ ¥ < d/4 thus by Theorem 6.3 and the triangular inequality we get

Ra, (/1«1(‘|;51,A\A2)7 Mz('|,52,A\A2)> < Ra, (my, my) + 2cy®* (6.58)

We now observe that at any coupling Q of p; and p, we can associate a coupling Q* of m;
and m, by setting

0*(£,&") =0(CE) x CEM)

To prove that Q* is indeed a coupling of m; and m, we compute for any function ¥ on X,

DY vEH0E.E) = va(s )P1(CE)

g g

(r BAzr)+(r§ )]d
- (g )Zw@ )[ r

C(S)

=Y YE)mE)
=

Thus

VO, Ra(mi,my) <) da(E.E)Q"(E £ (6.59)
g

‘We next observe that

Y60 € =Y [ da, (€, 14O 1)
C

g g g g (E")xC(E")

= day (', 1A Q( 1)
i Jeexeen
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Taking the inf over the coupling Q in the above inequality and using (6.59), we get that
Ra (my,my) < Ra (p1CIET), p2(-1€3)), thus (6.58) implies (6.52). O

6.6 Gaussian Approximation
We now extend the measures p; (-|£]) on Yj, to a measures P;, i = 1, 2, on the full Euclidean
space, thus P;, i = 1, 2 are the Gaussian measure defined by the r.h.s. of (6.51) without the

last characteristic function.
Thus letting r = (r(x, s) € RiY:xeAysefl,...,S),

1 «
dP;(r|&) = —z(g,*) e_ﬁ[%(bBAZE)‘HLEi )]dﬁ (6.60)

with Z (&) the integral of the numerator.
The following holds:

Proposition 6.17 There is §* > 0 such that the following holds:
Ra, (P1CIED, p2C1ED) = Ray (PICIED, PaCIED) +27 (6.61)

Proof By the Chebischev’s inequality, and recalling that VarP; (-|£) = || Ba, II”!, there is ¢
such that

—d
P,-({|r<x,s>|zz‘i})scz:%(ﬁ—*) izt

By (6.29) there is 6* > 0 such that

P(ri)<Y > P(lre.sl=e)) <y (6.62)

5 xel_NzZ4nA,

Since p; is equal to the probability P; conditioned to the set Yy, by using Theorem 6.4 and
the triangular inequality, we get (6.61). ]

We are thus left with the estimate of R, (P, P>) that we do next.
Proposition 6.18 There is €3 > 0 such that the following holds:
Ra, (PICIED, PaCIED)) < €5 (6.63)
Proof We first observe that from the definition of the Wasserstein distance

Ray(PrCIB). PaC1b)) = inf O(ra, # 74 (6.64)

where 7y, is the restriction of 7 to Ay, namely rp, € Va, :={r(x,s) € R, x e A, s =
1,..., S}. Thus the inf on the r.h.s. of (6.64) can be restricted to all couplings of the mar-
ginals P; o, on the set Y, of the probabilities P;,i =1, 2.

Recalling (6.47) we define

b= Byl& =0 B! (Blitina, —a*l), i=12 (6.65)
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We call b; 4, the restriction of the vector b; to the set A;.

We next call C the matrix with entries C; ; = (BAZ);}, i=(x,5),j=&s),x,x €Ay,
s,s'e{l,..., S}, C;ll denotes the restriction to A; of C~1.

Then remark that marginals of Gaussian variables are Gaussian themselves, so we get:

1 -1
—1 _—5A;=bia;Ca (ra; —biny))
dPia,(ra) =Y (ra, —bia)dra,, W(ra, —bia,)=Z e 2817780 Ta TAIT0A
(6.66)
We use that the Wasserstein distance is related to the variational distance via the follow-
ing relation

2Rp, (PI,AI» Poa)=1Pia, — Poall (6.67)
where
I1Pia; — Poall = / W (ra, —bia) — ¥ (ra; —baa)ldra, (6.68)
We now prove that
. 12
I1Pr.a; — Poa | = 20Cx  IHIb1a, — b2y, ||L2( Z Cii) (6.69)

i=(x,s),xel_ZIdNA,

To prove (6.69) we interpolate defining M (t) = tby a, + (1 —t)bs a,, t € [0, 1]. Then, short-
handing M = M (1),

1
Lh.s. of (6.69) < 2[ /‘(bl,m —bany. Cl(ra, — M))‘lﬂ(rm — M)dra,dt (6.70)
0

Using Cauchy-Schwartz the r.h.s. is bounded by

1 1/2
<201C3 618, — boay 122 /0 f (X e -Mus?) P a, - Mydra, di
s, XxeA
(6.71)
hence (6.69).

To estimate ||by, o, — by a, |12, We apply Theorem A.1 with C' = C” = I, I the identity
matrix, and with A = B,,, observing that B,, (x, s, x's’) = 0 whenever |x — x'| > Yy IN.
Thus from (A.10) and (A.5), using that p; a\a, € A<, i =1,2,(6.47) and (6.45) we get that
there are ¢ and ¢’, such that for all x € A, and since dist(A;, Aj) > 10730Z+

‘bLAI()C,S)—bQ,AI(x,S” = Z B;;()C,S,y,S/)B(K:d/zl/_lliA\Az(y,S)—I’_lz,A\Az(y,S))

s/, yEA\ Ay

—30
<IBIE. Y0 e <m0
s',yeA\Ay

Thus this inequality together with (6.67) and (6.69) implies (6.63). a
Proof of Theorem 6.2 Recalling the definition (6.38) of the probabilities w;, and the con-
ditional probabilities defined in (6.44), from Propositions 6.16-6.18 we get that for all
Piaa, EA<;i=1,2,

Ra, (141C101 ava0)s 12 Clp2any)) <2y 42y + &3 = ¢4
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Thus, there is a coupling Q(n’AZ, ngzl P1,A\Ay» P2,A\a,) Of the conditional probabilities
wi(-10i,a\a,), T = 1,2 such that

Q(nly, #nlx, 1P1avay: Prana,) < 26 (6.72)
We define for all p; a\a,
Q(nlAz, ’122 |,51,A\A2, /52,A\A2)

Oy, nL, 1P1 a\Ay s P2.8\A,) if piava, €A<ii=1,2
dG(/)\ (”,Az |/51,A\A2, él,Af‘)dG?\ (’lgz |,52,A\A2, q>.ac) otherwise

We then define a coupling Q of the measures u; by letting

Q(”l/Azs ny,) = Q(n/A27 W, 101,04y ,52,A\A2)dG?\ (P1.4\4, |él,Af)dG(1)\ (52,88, 12,8¢)

(6.73)
From (6.27), (6.72) and Theorem 6.12 it follows that
O(nly, #n) < 2e4+2cy" + 277 = ¢ (6.74)
Observe that (6.74) implies that
R (1, pa) <65 (6.75)
Then, (6.75), Propositions 6.11, 6.13, 6.15 implie (6.9). O

6.7 Proof of Theorem 3.3

We need to construct a coupling O, such that (6.2) holds.

Recall 51 = A \(Si};_l [A;] and that for any two configurations q,.’ml ,i=1,20n Xz(\k\)él
we denote by qi,&f =¢; a\A, Y Gi,ac, i =1,2. From Theorem 6.1 we have that, for any n,,
there is a coupling Q3 (q’Al , qgl g, Ao 9. Ag, 1 a,) of the two conditional Gibbs measures

dG(,)\(qAl |qi4’5€, na,), i =1,2 such that

’ (K*, ) " ((7. ) - -
Yoo 0 (danc #Eqine |G1,4c+ @2.a¢. 1a,) < 2€0 (6.76)

XE@_Q},Z‘IQA()

. ’ " . A. — . N A - I
Given n’ and n”, we define a coupling i, =QAl(ququ|q1’A(1v,q2’Azl»,Q,Q) of

dG} (1qy zc, 1), dGL (], Gy 4. n"), by setting

Ox = Q4 if ny, =ny,
= dG(/)\('W],Ajsﬂ/)dG?\('Lq_z,éjsﬂ//) otherwise

From Theorem 6.2 there is a coupling Q* of G()\ (nalgi.ac), i = 1,2 such that

0% (n)y, #nx)) <2 (6.77)

Then the final coupling Q , is defined as follows:
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On(qys9q4)
= 03, (a}, 4% 1G1.a¢: @o.aco 0 n")AGE (@) 5 11,80, 1)AGY (G}, 4 1G22 Q" (00"
(6.78)
Thus from (6.76) and (6.77) we get
Y on@naT #qinC) < (6.79)

xsifvyZdﬁA()

To complete the proof of (6.2) we need to show that

S
0 0_
SN o nc T =g n e 10 (g x0s) — o0 > Cran-1) <€ (6.80)

s=1 xeAq
Since in the set on the Lh.s. of (6.80), ¢), = g1, by using (6.27) we have
C—y)

(l—y) [

Oa(gaNCe " =g NC 7, [p“" (g x,8) = pP| > Lk (in)-1)
<G (10" (g x.9) — o > Ck(n-1: )
+ G (10 (g5 x,8) — PPN > Crian-1:GY)
<GP (g x.9) = pP| > Tk n-11Ghe)
+GUp“ (@ x,8) = PP > Crpam-1ldhe) + 2y (6.81)

From Theorem 6.12 and (ii) of Theorem 5.1 it follows that for all x € A, and for gac = gy
or gyc),

* _ ’ - —c 28
Gr(P" " (qhi x.8) = pP1 > Lrin-11Gac) €7 (6.82)
which together with (6.81) proves Theorem 3.3. d

Part 3. Disagreement Percolation

In this part we fix ¢ € [0, 1], a bounded D% -measurable region A, k € {1,..., S+ 1}; '
and p” stand for the measures dG A (ga, L'|g)e, I yc) and dGa(ga, Llghe, T Ac)- They are
obtained by conditioning measures v’ and v” which could be either DLR measures or Gibbs
measures dG ' (qar, L|gaye) with A’ D A. We will first construct a coupling of ©' and w”
and, with the help of such a coupling, we will then define a coupling of v" and v” that turns
out to satisfy the requirements of Theorem 3.1. The notation which are most used in this
part are reported below.

Main Notation and Definitions We call
E=(g. D ey’ x By (6.83)

Given a D%+») measurable subset A of A and & = (g, '), we call £5 = (ga, L', its restric-
tion to A. Namely if ' = (I'(1), ...T'(n)), then

La) = (splT ()] N A, ngyireyna) Ly=Ta(),...Ta(m)) (6.84)
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We will say that we vary & in A° if we change & leaving &, invariant.
We denote by 2, the product space,

Q= (P x By)?, w=(8)€eQ (6.85)

Given a subset A C A and w = (§,&') € Q,, we call wp = (§a, &) € Qa its restriction
to A.

We call F, the o-algebra of all Borel sets in Q, and for any D+») measurable set A
in A we call F, the o-algebra of all Borel sets A such that 1,(w) does not vary when we
change w in A°.

7 Construction of the Coupling

The target of this section is to construct a “good” coupling Q of ©' and w”. The basic idea
is to implement the disagreement percolation technique used in van der Berg and Maes [15],
Butta et al. [4], Lebowitz et al. [11]. The first step is to introduce a sequence of random sets
A, which is done in the next subsection. We will then introduce the notion of “stopping
sets” and “strong Markov couplings” showing that the sets A, are indeed stopping sets and,
using the strong Markov coupling property, we will finally get the desired coupling of u’
and u”.

7.1 The Sequence A,

We will define here for each w = (¢/, £”) € Q, a decreasing sequence of D*+»)-measurable
sets A, which are therefore set valued random variables. We set Ag = A and for n > 0, de-
fine A,+1 = A, \ 2,41, thus the sequence is defined once we specify the “screening sets” %,,.
Screening sets are defined iteratively with the help of the notion of “good” and “bad cubes”.

After defining in an arbitrary fashion an order among the D“+») cubes of Sﬁf[t’y [A], for
any D“+7)-measurable set A C A, we start the definition by calling bad all the cubes of
Sf;:,rt‘y [Ao]. We then select among these the first one (according to the pre-definite order)
which intersects a polymer (i.e. either sp(T') N C # @, or sp(T”) N C # @), if there is no
such cube we then take the first cube in 5ﬁ;~y [Ap]. Call C, the cube selected with such a
rule. We then define X = (Sﬁf[gy [C1]1 N Ay and call bad all cubes of X if C; intersects a
polymer. If not, we say that a D+ cube C € % is good if sp(I") N C =sp(I")NC =9
and if

we () ©nx), O, hasbeen defined in (3.24), (7.1)
xel_yZ4nC

otherwise C € X is called bad. In this way each cube of X, is classified as good or bad and
therefore all cubes of 8§;’{V [A ] are classified as good or bad. We then select C; in Sff,’t "[A1]
in the same way we had selected C; in Sf;:,rt’y [Aol, Zp = Sf;:,rt’y [C2] N Ay and the cubes of
3, are then classified as good or bad by the same rule used for those of X;. By iteration
we then define a sequence which becomes eventually constant, as it stops changing at A,
if S(ﬁ“y [A,] has no bad cube or if A, is empty. Since A has N* := |A|/£‘iﬁy cubes, A, is
certainly constant after N*, but maybe even earlier. In Appendix B we will prove:
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Theorem 7.1 [f the sequence {\,} stops at n = N and Ay is non empty, then
/ y_l 7" V_l
gp Nou [AnT=gp Ndou [An] (7.2)

and

SP(L) 8% [An] = sp(L") N8l [AN] =0 (7.3)
7.2 Stopping Sets
The random variables A, are “stopping sets” and the sequence A, is decreasing, A, 11 < Ay,

in the following sense.

o Fac, A a D) measurable subset of A, is the o algebra of all Borel sets A such that
14 (w) does not change if we vary w in A.

o A random variable R with values in the D*+») measurable subsets of A is called a stop-
ping set if for all A,

(0eQ:R(®) = A} € Fac (7.4)

e Two stopping sets R’ and R are such that R’ < R if

R (w) C R(w), forallwe Q,
{w:R(w)=A}N{w:R(w) =A} € Fac, foral A'C A

7.3 Strong Markov Couplings

A coupling Q(dw) of u' and u” is called strong Markov in R, R a stopping set, if the
measure

dQ(a)) = Z l{R(w):A)dﬂA (waloac)d Q(wac) (7.5)

ACA
is also a coupling of p’ and p” for all couplings dma(wal@wac) of du' (ExlEn), and
du"(E5164)-

Theorem 7.2 Given any stopping set R, let Q be a coupling of " and " which is strong
Markov in R. Then, any coupling Q defined by (7.5) is strong Markov in R’ provided the
stopping set R’ is such that R' < R.

Proof We have to prove that for any family of couplings {Ta(dwa|®ac), A C A, Dac €
Qac}, the probability Q(dw) defined as

dO() =Y lir/w=ndfa(@slds)d Q(@ac) (7.6)

ACA

isa coupling of u’ and p”. We thus take a function f(§) and we prove that Q(f) =u'(f),
where Q(f), ' (f), is the expectation of f under Q, respectively u'.
Using that R’ is a stopping set we get

o=y fQ irioead @) /Q F©)diA@aloxe)

ACA
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-y f 1 rend O(@a )i (flEae)

Ach Y Rac

= 3 [ timoad Q@ (flexe)

ACA

We now rewrite d O (w) by using its definition (7.5) and since R’ < R we get

o=y > / Lirw=a R @=0dQ@ac) | dra(waldac)i(flEs)  (1.7)

ACA Aca Y Sac Q24

Observe that (recalling A C A)
/ dﬂA(wM@Af)M/(ﬂ-‘Em‘) = /dﬂ,($A|$A")M,(.f|$A"s §A\A) ZH/(fEA'*) (7.8)
Qa
We insert (7.8) in (7.7) and we get

o=y /Q Liri-a1d Q@s)(f a) = ()

ACA

The Theorem is proved. O
7.4 Construction of Couplings

We use the sequence {A,} of decreasing stopping sets (in the order <) and Theorem 7.2 to
construct a sequence {Q"} of couplings of u’ and ", the desired coupling will then be OV,
where N* = |A|/£iy. The sequence {Q"} is defined iteratively by setting Q° equal to the
product coupling: Q° = 1/ x " which, as it can be easily checked, is strong Markov in A.
Then for any n > 0 we set

dO" (wy) = Z Lia, p)=adma (@alopaa, @ac)d Q" (Wara) + Lia, @wp)=md Q" (wn)
A
(7.9)
where d_Q” (wac) is the mgrginal of dQ" over {wac} and wa, A # 0, is the coupling of
du'(EplELe), and dp (6X1€4.) defined next. We distinguish three cases according to the
values of @ac = (Epc, EXc).

o If @ac is such that either sp(I”) N 8557 [A] # ¥, or sp(T”) N 857 [A] # @, or both, then
7 is the product coupling: dma (£}, EX|wac) = d;;,’(syég(‘)du/(gg@gc).

o If @ac is such that sp(I’) N 857 [A] = sp(T”) N 8557 [A] = @ and ¢’ N 8%y [A] =
q" N 8% [A] then dra (€}, £ @ac) = dp/ (E4[Ere)8 (€L — E0)dE), namely drra is the
coupling supported by the diagonal.

e Finally let ac be such that sp(I”) N85:7 [A] = sp(T”") N85L7 [A] = @ but ¢/ N8%, [A] %
q’' N 5;,}1 [Al.CallT =%, U B[S0 1N A), U = A\ T. Let dP(qy.q;. L. ") =
dw' (qy, T'Er)d " (qf;, L7 |€X.) be the product of the marginal distributions of du/(-|€ )
and d ,u”(-légr) over Xl(,k) x Ba. Let Q7 be the coupling defined in Theorem 3.3 and let-
ting E = {wae : D' N (T USLLT[T]) = " N (T UL [T]) = B}, we denote by 1z the
characteristic function of the set E.
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Then we define

dﬂA(C{)A |5)AC) = lS(CDAL)dQT (q;‘a ‘I¥|(h,/s q/AU’ q;}a égc)dP(CI;p qU’ F/ F//)
+[1 = 12(@a)ldp/ (g, L'lEp)d " (g, T IER)

By Theorem 7.1 the second case above occurs if and only if all cubes of 50”t [A] are
good, while in the third case there are bad cubes in 80:’[V [A] so that ¥, is non empty.
The proof that cubes are good with large probability will be based on Theorem 3.3 and the

following lemma:

Lemma 7.3 Suppose A,(w) = A and that the third case above is veriﬁed namely wac
1

is such that sp(L") N 84" [A] = sp(L") 18,57 [A] = and g’ 18, [A] g 187, [A]

Suppose also that T’ N (T U (Sout [TH=C"N(TU (Sé:‘y [T]) =@. Let C in X4, then C is

good if wa € Or(x) forall x € C, Or as in (3.24).

Proof The proof follows from the definitions of good cubes and ®r(x) because for all
x€C,0r(x)=0x(x). O

8 Probability Estimates

Recall from the beginning of Part III that ' and p” are obtained by conditioning to the
configurations outside A the measures v' and v” which are either DLR measures or Gibbs
measures dG x/(qar, L|Geare) with A’ 2 A. Thus if Q" is the coupling of 11" and " defined
in Sect. 7.4, we obtain a coupling P of v, v” by writing

dP(w) =dV' (e )dV" (EL)d QY (wpl@nc), @ = (wp, @pc), @ = (Epe, Exe) (8.1

We will prove here that there is a constant ¢ such that for all y small enough, for any D¢+~
measurable subset A of A:

_dist(A,A9)

P({a):AN*(a)) 5 A}) >1—cre @ try (8.2)

This proves that (g3, ") and (¢,, ") agree in A, in the sense of (3.20), with probability
_ . dist(A,AS)
>1—cie > v from which Theorem 3.1 follows. Indeed if v/ and v’ are two DLR

measures, by the arbitrariness of A and A, (8.2) shows that v = v”, hence that there is a
unique DLR measure. If instead v’ and v” are two Gibbs measures dG (ga’, I'|garc) and
dGA// (qA//7 £|(,iA//L'), A C A/, A C AH then (82) ylelds (321)

8.1 Reduction to a Percolation Event

Denote by A = A(w) the union of all bad cubes contained in A and of the cubes in SOM [A]

with a polymer, namely those cubes C such that C C sp(I'), T in I” U I'”. Since by its

definition any screening set is connected to a bad cube and since any bad cube in A is

necessarily contained in a screening set, it follows that if A # @ then it is connected to A€.
Since the event in (8.2) is bounded by

{w: Ay<(w) DAY C {A(w) N A # @} (8.3)
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it is therefore also bounded by the event that the bad cubes percolate from A to A¢. Hence,
denoting in the sequel by A a connected, D+»)-measurable subset of A U §." [A],

out

P({AN* S A}”) < ¥ 3 P({A=A)) (8.4)

d (4
XLy ZONA 4o a5y, AN, (A1

We write A=A, U A, U As, A; the union of cubes of “type i”. Cubes of type 1 are those
with a polymer, namely C is type 1 if there is I" in I'” U ' such that C C sp(I"). C is type
2 (also called unsuccessful) if C, say in %,,, is bad and all cubes of (Sﬁ;’{y [A,] are without
polymers (in the above sense). Cubes of type 3 are the remaining ones, they are therefore in

the union of all X, | which are connected to a type 1 bad cube. Then calling Ny = |A| /Zivy,

3
lhs.of 84)< > 3Na Jomax P (ﬂ{A,- = A,-}) (8.5)
- i=1

d 12
Xl y ZONA ppsx ANS HY [A140

out
Since A; C Ueeu, S’ [C1,

Ny, <3Ny (8.6)
Therefore N4, + N, +3?N4, > N4 and

3

NA NA
,-:A,-} { — Ay N z—}u{ — AN 37} 8.7
,D{A C f=aiNgz T ula=asNgz s 6D
We are thus reduced to estimate for any (A, A, A3z),
. Ny . Ny
P({A; =A,}), if Ny >—; P({A =A}), ifNy >——7— 8.8
({A2=A3}), if Ny > > ({A 1)), if Ny, 21+ 30) (8.3)

8.2 Peierls Estimates

We bound here P({A1 = A }) where A; is some given setin A U 5l+,y [A]. Thus each cube

out

C C A, is either contained in sp(I"), I' € [ or in sp(I"), I" € I'” (or both). Thus

P(lA=4)) =2"  max  max{v/(sp(D) D B):v'(sp(D) DB (89)

BCA1<,N32NA1/

where sp(T) = Upep sp(I'). Let B=C, U---UC,, C; disjoint cubes of D“+7), then, since
V' and v” satisfy the Peierls estimates,

VepMD B = Y. V(03T 1)
Iiye.,Ty,sp(Ti)DC;

< Z o~ pld L (NTy 4N, )

iy, Tysp(T) DG

Np
< P87 Np /2 E e_fpolfzei-VNFﬂ) < 2NB gcpat L, Nig/2 (8.10)

Tsp(I')aC

for all y small enough. Thus
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P({A; = A1) < 22Var g pais 5, Nay /4 @.11)
8.3 Probability of Unsuccessful Cubes
We will bound here P({A; = A,}). Given any n > 0 we define
Az (@) = Ar(@) N Ay (0)f, 0, () = Np,@na, (8.12)

Op(w)

gn(@) = xn(w) - € Xn (@) =14, (@) =42nAn (@) (8.13)

where € > 0 will be specified in (8.20) below. We are going to prove that for all n,
E(Gnt1) =E(gn) =+ =E(go) (8.14)

where £ is the expectation with respect to P. Since Ay C A = Ag and A v+ (@) = Az (w),
we then get from (8.14),

P({A = Ay}) <€ (8.15)
Recalling (8.1), we set PY¥" = P and forn < N*,
dP"(w) =dV (£} )dV (£} )d Q" (waldnc), ®=(wp,Dpc), Dpc = Epe,Exe)  (8.16)

calling £ the expectation w.r.t. P". We have £(g,41) = £"7'(gn41), hence by (7.9),

E(gue) = Y €hw / P"(dwAr)[I{AH:A,AM:Ar}xn(w)

A AcA

x / 7a(dos |60 | 8.17)
A (waA)DAZNE, 4

where ¥, 1 = A\ A’. The last integral is equal to 1 if A, N {A\ A’} =@, while, if this is
not the case, by (3.25)

/ Taldws [§a0) < cleg + e~ A NA\A)£D (8.18)
Az (@pa)DAN{A\A'}

We then get from (8.17),

C(Gg —+ e_"'Po]{z[‘iyy/2)
g(gn-H) SS"(gn)IIlaxil, 53(1 } (819)
‘We choose
1 —eo22e 2 37
€= 5(c(eg + et )) (8.20)

so that the max on the r.h.s. of (8.19) is 1 which thus proves (8.14) and (8.15).
8.4 Proof of Theorem 3.1

As we have shown at the beginning of this section, Theorem 3.1 follows from (8.2) that we
prove here.
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Given € as in (8.20), for y small enough we bound the r.h.s of (8.11) as
P({A1= Ar)) < 2V g a4 < N (8.21)

From (8.4), (8.5), (8.8), (8.21) and (8.15) we then get

P({AN* 5 A}") < 3 3 3NageNa

d 4
XELy ZNA 4o psx, AN, [A14D

<2Al ) Ger
> dist(A,AC)

that implies (8.2). O
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Part 4. Appendices
Appendix A: Operators on Euclidean Spaces

For the sake of completeness we recall here some elementary properties of operators on
finite dimensional Hilbert spaces used in the previous sections. We call H the real Hilbert
space of vectors u = {u(i)} with scalar product

(u,v) =Y u(iv(i) (A1)

where i above ranges in a finite index set on which a distance |i — j| is defined (in our
applications i stands for a pair (x, s), with x € €Z N A, s € {1,..., S}, and either £ = ¢_ ,
or £ =y~Y2 A being a fixed D'~»)-measurable bounded subset of R?. Operators on H
are identified to matrices B = B(i, j) by setting Bu(i) = Zj B(i, ju(j). We write |u|s =
max; [u ()],

(Bu, Bu) |But] oo

; [ Blloc = sup

| B|I* = sup
w0 |Uloo

w0 (U, u)

(A2)

Recall that

|Blloo <max Y 1BG. )L IB]l < mgx{DB(iJ)L Z|B<j,i>|} =:|B| (A3)
J

J J

The first inequality in (A.3) is obvious. To prove the second one we write
> (Z B(i. J)M(])) < D 1BGDIBG, )15 (()* +u(i2)?)
i j iLj1.J2

< > IBG. jDIIBG, jp)lu(j)* < |BI* Y ()’

Lj1sJ2 i
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In Theorem A.1 below we consider matrices of the form B = C’A~'C”, thus includ-
ing (QAQ)™" (after restricting to Q) and PAy(QAQ)~'QAy, the matrix considered in
(5.37). With in mind these two applications we will suppose the diagonal elements of A
strictly positive and large.

Theorem A.1 Let B=C'A~'C” with A= D + R, D a diagonal matrix, and suppose there
are ¢ > 0, ¢’ > 0 and b > 0 such that the following holds (recall the definition of the norm
|C| given in (A.3)).

IC'[+1C"|+ IRl <c (A4)
The diagonal elements D(i, i) of D are such that D(i, i) > b for every i. Finally C'(i, j) =
C"(i, j) = R(i, j) = 0 whenever |i — j| > c'y~'. Then if b is large enough,

2c? L 2202
1Bl < — - 1Blloo < max ) " |B(, j)le” ! <
7

(A.5)

Proof By (A.3), |R|| < c. On the other hand || D|~! < b~' and for b so large that b~'c < 1
the sum on the r.h.s. of (A.6) below converges and

o0
A'=D"'—-D'RD'+D'RD'RD"' —-..= )" ( — D’IR) D' (A6

n=0

as seen by multiplying the r.h.s. of (A.6) from the left by A: we then get AD~'(1—RD~! 4
--+) which is equal to 1 after writing AD~! =1+ RD~! and after telescopic cancellations.
Thus (A.6) holds and

- 1
-1 —n—1 n
A7) < E RN = b —c/b) (A7)

n=0

hence, recalling (A.3), we get the first inequality in (A.5). We write

DoIBG DI Y TIC G inle” T J1AT G i)l TR Y DIC! o, le !
J

i i2 J

< e max ) |47 G i) e
1 i2
Since Y-, [R(i1, iz)|e”'172 < e“'c, by (A.6)

oo
Yo1AT G i)ler T < b e e
i

n=0

hence the second inequality in (A.5). ]

In the next two theorems we consider a matrix R; with small norm, it represents in our
applications the matrix P Ao(QA Q)~' Q Ay which by Theorem A.1 has indeed a small norm
(if b is large).
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Theorem A.2 Let B = A+ Ry; suppose A symmetric, (u, Au) > k(u,u) forallu; |R,|| <€
and k > € > 0. Then B is invertible and

1
IB'<—, «'=k—c¢ (A8)
K-/
Suppose further that
sup Y [B(i. j)le” I <a < o0 (A.9)
o
then
11 'yli —j
|B-1(i,j)|s(—+—)exp{_w (A.10)
a «’ a+«k’
Proof By the integration by parts formula,
e Bl = — /te*BSRIe*A“*S) (A.11)
0
Since [le=4/|| < e,
”e—Bt” < e—m + e—xt i (Gt)n < e—(K—e)t (A 12)
- n! — '

n=1

Then [, ¢~ ?" is well defined and equal to B~'; (A.8) also follows.
Calling ¢; the vector with components ¢; (j) = 1;—;,

T o0
B, ) =/ (ei.e7P'e)) +/ (e e Pe;) (A.13)
0 T
By (A.12),
= —Bt e_K/I ’
(e,-,e e]) < P K' =Kk —¢€ (A.14)
By a Taylor expansion:
00 "
(eise™®ej)[ < —e 0 3" BG,inle” e By, le’ T (ALLS)
n!
n=0 i1,esip—1
hence using (A.9),
T edt—rli—jl
/ (eie™ej)| = ——— (A.16)
0 a
By choosing t = Va‘:;{' we then get (A.10) from (A.14) and (A.16). O

Theorem A.3 Let B = A + R, as in Theorem A.2; call D the diagonal part of A, Ry :=
A — D, R = Ry + R, and suppose that | R||~ < 00. Then

1 IRl (1+ ||R||oo) (A.17)

-1
1B oo == +—5
K K K —€
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Proof Recalling that B = D 4 R, we use the identity
B'=D"'-D'RD™'+D'RB'RD"!
Then

B7'(i,j)=(e;,D7"e;) = (D" 'e;, RD™'e;) + ) (er, D' Re)(ex, B~ es)(en, RDe;)
k,h

so that

DUIBTN NI <k + kR0 + 1B I RIZ
J

and (A.17) follows using (A.8). O

Appendix B: Proof of Theorem 7.1

In the sequel cubes are always cubes in D“+7) and a cube C is called “older” than C’ if
there is n such that C’ C A, and C C AS. We will prove the theorem as a consequence of
the following property:

Property P Let C be a good cube, x € £_,,Z¢ N C, {C;} the cubes older than C which
intersect B,(291071°¢, ). If either {C;} is empty or if all C; are good, then g, N C,(f"”) =

g nc.

Before proving Property P, we will use it to prove Theorem 7.1. Suppose that for some
N, Ay is non empty and that all cubes in Sﬁlfgy [Ay] are good (thus the sequence A, stops
at N). Let C be a cube in S(l;l;’y [An],x € €_,Z9NC and at distance <y ' from A y. Then

B,(291071%¢, ) N A¢, intersects only cubes of 8557 [Ax1, which are by assumption good;

then by Property P, g, N C,(f_’y) =g5 N C;L’y), hence (7.2). Equation (7.3) holds because

all cubes of Sﬁgy [Ay] are good.

We start the proof of Property P by introducing a new function M (x), x € £_ ,Z%. We
set M (x) = oo outside A and at all x which are in bad cubes. The definition of M (x) on the
good cubes is given iteratively in A{,. We thus suppose to have already defined M (x) on all
cubes of Ay, and have to defineiton ¥, 1 = A;; \ A}. Letthus C C %,y and x € C. We
set M(x) =0if B,(1071%, ,) N AS = @, otherwise

M(x) ::1+max{M(y)|yez,,yzdex(lo—lom,y), y such that ¢\’ cA;} (B.1)

To compute the value of M (x),x € C, C C %,4, we need to look at all sequences yy, y,, . ..
such that: |y, — yu—i| <1070, . C;f,”) is older than C;f:’ly), ho = x and to know whether
the cubes C;ﬁ”) are good or bad. In principle the sequence may be arbitrarily long but in
fact it is not:

Lemma 1 Let C be a good cube, x € C, then the value of M (x) depends only on whether

the cubes {C;} are good or bad, where {C;} is the collection of cubes older than C which
intersect B, (2d10’10€+,y).
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Proof Since any ball of radius (2¢107'° 4 1), ,, intersects at most 2 cubes of the partition
D¢+.»), then any sequence yj, y», ... as above consists at most of 2¢ elements. O

Since i =29 + 2, then
either M(x) <m — 2 or M(x) = +00 (B.2)
We will next prove:

Lemma 2 Let C be a good cube, x € C, then, if m — M(x) =h > 0,

[ , l—,
HNC T =ginc, max_ o

sefl,

(gl x,8) —pP < g, (B.3)

Proof The proof is by induction on the “age” of the cubes. We thus suppose that the above
statements holds for all cubes of A¢. Let C be a good cube in X, , then the above properties
hold by the definition of the function K and of good cubes. ]

Property P is then an immediate consequence of Lemma 2 and (B.2).

Appendix C: Mean Field

In this appendix we prove Theorems 2.2 and 2.3. Our approach is based on the recent works
[9, 10], having in mind that in [10] the total density was set to 1, the temperature being
the free parameter, while here we fix the (inverse) temperature 8 = 1, the total density x
being the free parameter. The two approaches are equivalent, see (2.3). To achieve our goal,
we will need Lemmas C.1-C.5 below. The first lemma is an essential property relating the
total density x to the corresponding constrained minimizer in a one-to-one way. The second
and third lemmas respectively deal with the first and second derivatives of the free energy.
They show in particular that the sign of the second derivative depends on the roots of some
peculiar second degree polynomial. The fourth lemma studies the locations of these roots,
while the fifth and last lemma gives a general condition for a piecewise-convex function to
have a common tangent at two different points.

The section is organized as follows. We first give some notations and reformulate known
results, before stating our auxiliary lemmas. Then we prove Theorems 2.2 and 2.3, while the
proofs of lemmas are deferred to the end of the present section.

Notations

For any x € (0, +00), z € [0, 1], we will denote by p> the density vector o defined as
follows:

1+(5=1)z .
'(Z.X) _ T)C fori =1
Pi {%x fori=2,...,8. €D
Notice that ) pl-(z’“ = x and rewrite (2.4) as follows:
™ @) =inf {F™(p®);0 <z < 1}. (C2)
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Now, remarking that zx = p\“* — p{** we adapt a result from [9, 10]. Namely, recalling

Theorem A.1 in [10] or Sect. 3 in [9], and comparing (C.3) and (C.4) below with (A.10) and
(A.22) in [10], we know that for any S > 2 there exists a threshold

1
5 s — D (C.3)

Xs =2

such that

e for all x < xg, the function z — F™(p@*)) reaches its minimum at z = 0;

e for all x > xg, the function z — F™ (@) reaches its minimum at z = z(x), defined as
the largest solution of the equation R(z) = x where

1 1+(S—-1Dz
L S

R(z) . =-1 ; C4
b4 1—-z

e at x = xg, the function z — F™ (p@*) reaches its minimum at z = 0 and at z = z(xg) =
5-2
S—1°

The statement above means that we have

fE@) = FM(p®Y) ifx <

mf X) =
f ( ) ford(x) = me(p(z(x).x)) if x > xs.

(C.5)

First of all, we will see that

Lemma C.1 (Monotony of R and z) The functions R : z — R(z) and 7 : x — z(x) are both
increasing respectively on [zs, 1) and [xg, +00), where 75 = =2 They satisfy the relations

S—1°
Roz= [d[xS,Jroo) andzo R = Id[zs‘l)~
Moreover
Lemma C.2
lim(f™)'(x) =—00 and  lim (f™)'(x)=+o0, (C.6)
: mfy/ . mfy/ 2
Im (™) (x) = lim(f™)' (x)={1—=)In(S = 1). (C.7
xtxg xlxg S
Lemma C.3
vezxs, - S521] C8)
=S dx? V= S X '
d2ford S—1 Z/(x) 3
Vizxs, —oW= (T) o e —x][x = Riy (€9)

where Rzi denotes the roots of the second degree polynomial P.(X) := X?> —b.X — c, given
by

- S(5-2)
[bZ = B=DI+G—Dz]
52

Gz = Goha—)i+6-Da"
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According to Lemma C.3, the convexity properties of ¢ will follow from the position
of the roots of P, with respect to x. We will actually prove the lemma below

Lemma C.4 (Roots of P,) The roots of the polynomial P, are such that R; <0 < R} and

e forany S > 60, and for all z € [z5, 1), R} > R(2);
o forany 3 < § <59, there exists a unique z € (zg, 1) such that RZ; = R(z%). Moreover,

R} < R(2) on [zs,2§) and R} > R(2) on (5, 1).
Eventually, the following fact will be helpful to analyze the convex envelope of f™:

Lemma C.5 Let f: (a,b] - R and g : [b,c) — R be convex functions with continuous
second derivatives. If f(b) = g(b) and if inf, ., f'(x) < g'(b) < f'(b) < sup,., &' (x), then
there exists a common tangent to their respective graphs I'¢, T',.

We are now ready to prove our theorems.

Proof of Theorem 2.2 By (C.8), f% is strictly convex. Let us now study the convexity of
£, Fixing x > xg we remark that Lemma C.1 implies z(x) > zs and R(z(x)) = x so that
Lemma C.4 gives:

e forall S, x >0 > R;(X);
e if S > 60 then R;L(X) > x;

e if3< 5 <59, Rj(x) <xifx <x}and Rer(x) > x if x > x%, where x§ := R(z}).

Therefore, (C.9) shows that if § > 60 then f ord §g strictly convex on [xg, 00), while if § <59
then £° is strictly concave on [xg, x3] and strictly convex on [x§, +00).
Let us analyze the convex envelope of f™.

e If S > 60, (C.5) and Lemma C.2 show that Lemma C.5 applies to f = f%, g = f°9,
a=0,b=xgand c = +o00.

o If § <59 we first have to deal with the concave part of £°¢. We introduce the function g
defined by

() = ford(xg) + (ford)/(xg) c(x — x;) if x < xg
ford(.x) if x > xg.

Since ()" (x3) =0, g is convex and has continuous second derivatives. Moreover, on
[xs, x%], the graph of g is a line located above the graph of f° (concavity of f°);
since the latter intersects the (convex) graph of £, the graph of g and the graph of
% intersect at some point with abscisse b € (x5, x}). Besides, the concavity of f°
implies g'(b) = (f°)'(x3) < (f*)'(xs), while the convexity of £ implies (f4) (b) >
(f%) (xs). Thus Lemma C.2 shows that Lemma C.5 applies to f = f% and g defined
above.

In any case, Lemma C.5 implies that there exists a line 7; which is simultaneously tangent
to the disordered branch of f™ (at some point x_ < xg) and to the ordered branch of f™
(at some other point x, > xg). The function f™ (x) being strictly convex outside [x_, x],
the graph of its convex envelope necessarily coincides with 7} (resp. with the graph of
£™) inside (resp. outside) [x_, x,]. Denoting by X, the slope of T}, the convex envelope of
f{‘ff(x) = f™(x) — A,x is horizontal on [x_, x, ] and strictly convex outside this segment of
minimizers. g
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Pmof of Theorem 2.3 If p is a minimizer of F = F™ g then x =) p, is a minimizer of
S, sothat x € {x_, x;}. If x =x_ < x5, then p = p*V; if x = x, > xg, then there exists
ke{l,...,S}) such that p = p® := 1k . p?®)-* where 1, exchanges the first and the k™
coordmates. Reciprocally, the above S + 1 vectors p® are all minimizers of F. Moreover,

Zp(l) _X >x~ Zp§S+l)’
s

thus proving (2.5).
We now show the second part of Theorem 2.3 dealing with the Hessian of F. Straight-
forward computations show:

’F 1
apxaps/ p=p® B p;k)

L®(s, s = Ly + Lz

Since p® is a minimizer, L* := D?>F(p®) is semi-definite positive. Actually, L® is
definite positive, or else the third order corrections in the Taylor-Lagrange formula would
contradict the extremality of p*:

*F 1
Vs, t,u —— 213 r=u-
s 0pi0p 2

Taking an orthonormal basis of eigenvectors, the estimate (2.6) holds with «* > 0 the small-
est eigenvalue of LM, L6+D, -

This section ends with the proofs of Lemmas C.1-C.5 which are stated at the beginning
of the section and used in the proofs above.

Proof of Lemma C.1 We express R'(z) =

(C.4) we have:
1 S—1 1 1 1+(S-1)z
R(z)=- + - - Ih—
@ = z [1+(S—l)z 1—Zj| z2 1—-z2
1 1 1 . 1+(S—-1)z
- —In ,
21—z 1+(5-1z l1—z
1
Zz—zg(zl
We now show that g is always positive:
© 1 1 ! 1+(S—-1)z
7)) = - —In ,
S e R G 11—z
S—1 S—1 1

_ S5z[2(S— 1Dz — (S —2)]
T =14+ (S—Dz?
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2(5 1)’
subinterval, g is thus minimal at (S [) where it takes the value

We see immediately that g’ > 0 for all z > so that g increases on [3=2 = 1, 1). On this

<ﬂ>——21 S—h———4(s—1
s(5=7) =2~ D - e + (-1,

which increases with S, vanishes at § =2, and is strictly positive for all S > 3. From this

it follows that g is strictly positive on [%, 1), which implies that R is strictly increasing
with z. Since R goes to +o00 when z — 1, Lemma C.1 is proved. ]

Proof of Lemma C.2 Since p®¥ is the vector (£,..., %), (2.1), (C.5), (C.1) give for all

X < Xs:
70 =2 (Y s ()
X
S

S—1
(™) (x) = St (C.10)
Recalling (2.1), (C.5) and (C.1), f™(x) = F(x, z(x)) holds for all x > xg, where
15—1 x(I—z)  x(1—2)
F A=-H+E -1 1
(x,2) = 25 (I=z9+( ) 5 g
1+(S—1 14+(S—1
L X0+ -D) x(1+(S-Da) cin
S S
Using (C.11) and recalling that (%)‘Z(x) =0, we have for all x > xg:
oF oF
(f’"f)/(x)=<8—> e >(3 )
X/ xze 2/ e
S 1-
La—2)+s [n"(SZ)H}
1+(S—1 I+(S—1
n +( )z lnx( +( )Z)+1 1 (C.12)
S S
S—1
= 3 x—i—ln%—i—ln(l—z)—i—%. (C.13)
From (C.4), we know that x > 1log— thus
/ S—1 1 X xz
mf > —— 1)1 In= 4+ ==
(f)(x)_<Sz )Ogl—z+nS+S’
>t 2% (C.14)
n—+—. .
-5 S

From Lemma C.1, z(x) — zs as x — xs thus (C.7) follows from (C.10)—(C.13). Similarly,
z(x) — 1 as x — oo, thus (C.6) follows by taking limits in (C.10) and (C.14). |

Proof of Lemma C.3 First notice that (C.8) follows from (C.10). Using (C.12) we get:
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o 1 §-1 S—1 1+(S—-1)z
mf)” 2 ’ ’
S Ry | Y o B 1
(™) @ . 5 (1—-2z"—2x7'2) g i
1 S-1 S—1
_ Z (1= 2_2 / /
=_t (1—z2"—2x7'2) + g
4

X

= ¢ (R’ + % [(1—2)xR — zx2]>

1z
=———P,nx
X z 2w ()

where we used ﬁ = R'(z(x)) (= R’ by abusing notations) and zR' = —R(z) +

m (from (C.4)). This achieves the proof of (C.9). O

Proof of Lemma C.4

e Roots of P;.
We notice that the discriminant of P,

SIS+ (3S —4)z]

A(Pz)z (1 _Z)

is always positive, so that the two distinct roots of P, are given by

S[S+3S-4)z]
- s [ (s—2)x /NstE5ha

TT2Ss ) 1+(S—1)z

(C.15)

For all positive z we have % > S, thus R is negative while R is positive.
e Sign of R — R(2). )
We will actually analyze the sign of Hg(z) := z[R} — R(z)], showing it is strictly
monotone and thus vanishes at most once. Using (C.4) and (C.15) we get

- Sz 14(S—1)z
@) = 5 e 5T [S —2+ \/A(PZ)] ~log (C.16)

S2[S 4228 =3z 4 (S —2)(2S = 32> + (=1 +2(S + 2z + (25 — 3)z)/A(P)]

28 = D1 = 22(1 + (5 — 12, /S5

_ S2[A(z) + B(2)/A(P)]
2(S — 1)(1 — 2)2(1 + (S — 1)2)2/A(Pz)

Hg(z) =

(C.17)

In the formula (C.17) above, the denominator as well as the polynomial A(z) in the nu-
merator are clearly positive for all z > 0. Since the polynomial B(z) is increasing for
z > 0 and since B(zs) = —1+2(S — 1)zg =25 — 5 > 0, we deduce that H(z) is always
positive for z € [zg, 1).
e Hj vanishes exactly once <= § <59.

We now check for which values of S the function Hy actually vanishes somewhere on
[zs,1). As z — 1, the leading term in Hy diverges like (1 — 2)~12 so that Hg(z) — +00.
Thus Hg will vanish exactly once if and only if Hg(zs) <O0.
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S(S—2)(S—2++/S@—115+45?))
2(S—1)3

S[28* — 1083 +275% — 4085 +24 — (452 — 13S + 12)/S(8 — 11§ +45?)]

2(S = D*/S@8—115+45%)

G(S) =Hs(zs) =

2log(S — 1)

G'(S)=

and

G'(8)=0
> 25* — 105% + 2752 — 408 + 24 = (45% — 135 + 12)y/S(8 — 115 + 45?2)
= (25* —105° +275% — 408 +24)> = S(8 — 115 4+ 45%)(45% — 135 + 12)°
= 45 —2)HS - 1)3(S* — 1982 + 485 — 36) = 0.

The last bracket reaches a local (negative) maximum at § = 19’3—2‘/? ~ 1.4 and a local
(negative) minimum at S = w ~ 11.2. Therefore it has exactly one root S*, is nega-
tive before this root and positivé after it. Numerical computations give S$* ~ 16.2.

From this, we know that G is decreasing on [3, S*] and increasing on [S*, 00). Since
G(3) < 0 and since G(S) diverges like ++/S as § — oo, we get that G has exactly one
root § > §*, is negative before it and positive after it. Numerical computations show

S ~59.1.
a

Proof of Lemma C.5 We will use the notation
K:={aelb,c);a=band T,() T, #0},

where T, () denotes the tangent to I', at .

Since f(b) = g(b), we have b € K, and K is non-empty. Besides, by continuity of g/,
there exists by € (b, ¢) such that g’(by) = f'(b); since f, g are strictly convex, elements of
K are bounded from above by by and «* := sup K < b is well defined.

Now, let o, an increasing sequence converging to «*. By definition, T, (a,) intersects I' 7,
and we denote by x, the abscisse of the intersection point which is the closest to b, so that
f'(xn) = g'(a,) = g’ (b). We now show that x,, is a bounded decreasing sequence:

e On {x > x,}, I'y is above Ty (x,) (convexity of f), which in turn is above T, (c,) (defi-
nition of x,), and therefore above Ty (c,41) (convexity of g). Thus I'y may not intersect
T, (aty41) after abscisse x,,, and x,,41 < X,,.

e By continuity of f’, there exists b; € (a, b) such that f'(b,) = g'(b), thus f'(x,) > g'(b)
implies x,, > b; (convexity of f).

Thus x, — x* € [b;, b] C (a, b], and by continuity of f, g, g’, T,(«*) intersects I'; at
(x*, f(x*)). In particular, «* € K and f’'(x*) > g'(a*).

If we had f'(x*) > g’(«*) we could apply the implicit function theorem to W (o, x) =
g(@) + g'(@)(x — @) — f(x) to deduce that K contains a neighborhood of «*, thus contra-
dicting the maximality of o*. Therefore f'(x*) = g'(*) and To(a*) = T¢(x*) is actually
tangent to I'f. ]
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